Noncanonical Approaches To Inflation by Ramírez, Héctor
Universitat de València – IFIC/CSIC
Departament de Física Teòrica
Programa de Doctorado en Física
NONCANONICAL APPROACHES
TO INFLATION
Ph.D. Dissertation
Héctor Ariel Ramírez Rodríguez
Under the supervision of
Dr. Olga Mena Requejo
Valencia, March 2019
ar
X
iv
:1
90
6.
09
29
9v
1 
 [g
r-q
c] 
 21
 Ju
n 2
01
9

Thesis Commitee Members
Examiners
Prof. Gabriela Barenboim Universitat de València
Prof. Nick E. Mavromatos King’s College London
Prof. David Wands University of Portsmouth
Rapporteurs
Prof. Mar Bastero Gil Universidad de Granada
Dr. Daniel G. Figueroa École Polytechnique Fédérale de Lausanne
Dr. Gonzalo Olmo Universitat de València

Agradecimientos / Acknowledgments
First and foremost, a Olga, porque solo gracias a ella esta tesis fue
posible. Por haberme dado la oportunidad de trabajar con ella y haber
confiado en mí desde el primer día. Han pasado más de cinco años desde
entonces y nunca ha dejado de alentarme, aconsejarme y motivarme a hacer
las cosas lo mejor posible. Nunca dejaré de agradecer la fortuna que fue
haberla conocido y haber trabajado a su lado.
Many thanks to Lotfi Boubekeur for introducing me to Inflation, for
teaching me the basics of it and helping me grow as a researcher. Also for
all the help, patience and friendship throughout these years. Many thanks
to Hayato Motohashi as well, for his teaching and his enormous patience
during the hours I spent in his office. Thanks both for the advice in work,
physics and life, and for the reading and comments on the manuscript of
this thesis.
I owe a great debt of gratitude to Prof. Wayne Hu for his time and
teaching during my two visits to U. Chicago, and also for his help and pa-
tience regarding our project. I would also like to greatly thank Prof. David
Wands for hosting me at ICG and making me feel at home every second
since the beginning, but also for his time and endless help and support.
Finally, to Prof. Shinji Tsujikawa for his interest, great support and help
during the realization of our project and towards my academic life.
I’m obviously in debt to the rest of my collaborators for their help and
contribution: Elena Giusarma, Stefano Gariazzo and Lavinia Heisenberg.
But in particular, to Sam Passaglia for his friendship, help, motivation,
advice and the good times in Japan. Además, muchísimas gracias también
i
a todos los miembros de mi grupo en el IFIC por su ayuda y amistad a lo
largo de estos años.
Agradecimientos especiales a los amigos más cercanos que me acom-
pañaron a lo largo de estos años. A Miguel Escudero por absolutamente
todo: amistad, compañía, ayuda, consejos, colaboración; desde el primer
momento en el que empezó el máster y hasta el último minuto de doctor-
ado, pasando por todos los group meetings, congresos, viajes y estancias.
A José Ángel, por ser mi primer gran amigo desde mi primera etapa en
Valencia, y por continuar siéndolo desde entonces, por los infinitos coffee
breaks, charlas de la vida y su sana (e innecesaria) competitividad en todo.
A Quique y a Gomis por su compañía todos estos años, ayuda, consejos
y su (aún más innecesaria) competitividad dentro y fuera del despacho.
También, al resto de mis amigos de Valencia que de una u otra forma se
han distanciado pero de los que siempre tendré grandes recuerdos y agradec-
imientos por haberme incluido en el grupo cuando llegué. Last but not least,
special thanks to Sam Witte for all his advice, help, grammar corrections
and friendship inside and outside work.
I would also like to thank every single friend I made during these years
not only in IFIC but also in Trieste, in Chicago, in Tokyo and in Portsmouth,
who somehow contributed to this thesis, either through their help, advice,
company or friendship. Many special thanks to every single friend I made
in Portsmouth, I wish all the research institutes were like the ICG. Also,
thanks a lot to every person I met in my visits to other institutes, people
who hosted me or spent some time discussing my work. Finally, thanks to
all the people I played football with in all these cities, I hope you enjoyed
the games as much as I did.
Finalmente, a mi mamá, mi papá y mis hermanos. Porque, aunque
hemos estado alejados, esta tesis no hubiera sido posible sin ellos, sin su
apoyo incondicional.
HR
ii
“And the end of all our exploring
Will be to arrive where we started
And know the place for the first time.”
— Frank Wilczek & Betsy Devine,
Longing for the Harmonies

List of Publications
This PhD thesis is based on the following publications:
• Phenomenological approaches of inflation and their equivalence [1]
L. Boubekeur, E. Giusarma, O. Mena and H. Ramírez.
Phys. Rev. D 91 (2015) no.8, 083006, [1411.7237].
• Do current data prefer a nonminimally coupled inflaton? [2]
L. Boubekeur, E. Giusarma, O. Mena and H. Ramírez.
Phys. Rev. D 91 (2015) 103004, [1502.05193].
• The present and future of the most favoured inflationary models after
Planck 2015 [3]
M. Escudero, H. Ramírez, L. Boubekeur, E. Giusarma and O. Mena.
JCAP 1602 (2016) 020, [1509.05419].
• Reconciling tensor and scalar observables in G-inflation [4]
H. Ramírez, S. Passaglia, H. Motohashi, W. Hu and O. Mena.
JCAP 1804 (2018) no.04, 039, [1802.04290].
• Inflation with mixed helicities and its observational imprint on CMB [5]
L. Heisenberg, H. Ramírez and S. Tsujikawa.
Phys. Rev. D 99 (2019) no.2, 023505, [1812.03340].
v
Other works not included in this thesis are:
• Primordial power spectrum features in phenomenological descriptions
of inflation [6]
S. Gariazzo, O. Mena, H. Ramírez and L. Boubekeur.
Phys. Dark Univ. 17 (2017) 38, [1606.00842].
• Running of featureful primordial power spectra [7]
S. Gariazzo, O. Mena, V. Miralles, H. Ramírez and L. Boubekeur.
Phys. Rev. D 95 (2017) no.12, 123534, [1701.08977].
vi
Preface
The Universe is some 13,800,000,000 years old. From its first moments
to its current stage, the Universe has undergone several different thermo-
dynamical processes that transformed and deformed it, going between hot
and cold, and from dark to bright. Despite the immense complexity of these
transformations, when we look at the sky, we can gain access to its story.
It is a story written in the stars and in the galaxies that we observe, and in
the light coming from distant corners of the Universe. Thus, when we look
at the sky, we are able to look into the past, and even into the far past,
back in time to what cosmologists call the early universe. There, the tale
of Inflation is drafted—as an incomplete account of events that theoretical
physicists are eager to fulfill. These events took place at some instant dur-
ing the first1 0.000000000000000000000000000000000001 seconds after the
big bang. At that moment, the Universe is believed to have undergone an
accelerated expansion and how was that so? is the question we, theoretical
physicists, wish to answer.
In this thesis we attempt to address a part of this fundamental question.
We cover both phenomenological and theoretical approaches to the study
of inflation: from model-independent parametrizations to modifications of
the laws of gravity. It is divided in four parts. The first one, containing five
chapters, consists of an introduction to the research carried out during the
PhD: Chapter §1 provides a short introduction to the standard cosmological
model, in particular focusing on the epochs and the observables which mo-
tivate the need for the inflationary paradigm. In Chapter §2, we review the
dynamics of the canonical single-field inflationary scenario, showing that
1There are 35 zeros there to the right of the decimal mark.
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a scalar quantum field can produce an accelerated expansion of the Uni-
verse which effectively solves the problems identified in §1. Furthermore,
we review the dynamics and the evolution of the primordial quantum fluc-
tuations and their signatures on current observations. In Chapter §3, we
discuss the Mukhanov parametrization, a model-independent approach to
study the allowed parameter space of the canonical inflationary scenario.
An alternative approach, using modified gravity, is proposed in Chapter
§4. There, we review the construction of the most general scalar-tensor
and scalar-vector-tensor theories of gravity yielding second-order equations
of motion. Additionally, we discuss the main models of inflation devel-
oped within these frameworks. Finally, in Chapter §5, we demonstrate new
techniques that move beyond the slow-roll approximation to compute the
inflationary observables more accurately, in both canonical and noncanon-
ical scenarios. These chapters are complemented with detailed appendices
on the cosmological perturbation theory and useful expressions for the main
chapters.
The second Part is based on the most relevant peer-reviewed publications
for this thesis. There, the reader can find the main results obtained during
the Ph.D. Finally, in Part III we summarize these results and draw our
conclusions.
viii
Contents
Acknowledgments i
List of Publications v
Preface vii
I The Inflationary Universe 1
1 An introduction to ΛCDM 3
1.1 The expanding universe . . . . . . . . . . . . . . . . . . . . 5
1.1.1 Cosmological phase transitions . . . . . . . . . . . . . 5
1.1.2 Neutrino decoupling . . . . . . . . . . . . . . . . . . 7
1.1.3 Big Bang Nucleosynthesis . . . . . . . . . . . . . . . 7
1.1.4 Recombination . . . . . . . . . . . . . . . . . . . . . 8
1.1.5 The Cosmic Microwave Background . . . . . . . . . . 8
1.1.6 Structure formation . . . . . . . . . . . . . . . . . . . 11
1.2 Dynamics of an expanding universe . . . . . . . . . . . . . . 12
1.2.1 Geometry . . . . . . . . . . . . . . . . . . . . . . . . 13
ix
1.2.2 Evolution . . . . . . . . . . . . . . . . . . . . . . . . 15
1.2.3 Horizons . . . . . . . . . . . . . . . . . . . . . . . . . 16
1.3 Problems of the standard cosmological model . . . . . . . . 18
1.3.1 Horizon problem . . . . . . . . . . . . . . . . . . . . 19
1.3.2 Flatness problem . . . . . . . . . . . . . . . . . . . . 19
1.3.3 Initial perturbations problem . . . . . . . . . . . . . 20
2 The Physics of Inflation 21
2.1 The horizon and flatness problems revisited . . . . . . . . . 23
2.1.1 Conditions for inflation . . . . . . . . . . . . . . . . . 23
2.2 Canonical single-field inflation . . . . . . . . . . . . . . . . . 26
2.2.1 Conditions for inflation revisited . . . . . . . . . . . . 27
2.2.2 Slow-roll approximation . . . . . . . . . . . . . . . . 29
2.2.3 Reheating . . . . . . . . . . . . . . . . . . . . . . . . 30
2.2.4 Duration of inflation . . . . . . . . . . . . . . . . . . 31
2.3 Models of inflation . . . . . . . . . . . . . . . . . . . . . . . 32
2.4 The theory of primordial quantum fluctuations . . . . . . . . 36
2.4.1 Scalar and tensor perturbations . . . . . . . . . . . . 37
2.4.2 Quantization . . . . . . . . . . . . . . . . . . . . . . 39
2.4.3 Solutions to the Mukhanov-Sasaki equation . . . . . 40
2.4.4 Scale dependence, the amplitude of gravitational waves
and current observational bounds . . . . . . . . . . . 44
3 Model-independent approaches 49
3.1 Mukhanov parametrization . . . . . . . . . . . . . . . . . . . 50
4 Inflation beyond General Relativity 53
4.1 Towards the most general SVT framework . . . . . . . . . . 55
4.1.1 Scalar-tensor interactions . . . . . . . . . . . . . . . . 57
4.1.1.1 Horndeski theory . . . . . . . . . . . . . . . 58
4.1.2 Vector-tensor interactions . . . . . . . . . . . . . . . 59
x
4.1.2.1 Maxwell theory . . . . . . . . . . . . . . . . 59
4.1.2.2 Proca theory . . . . . . . . . . . . . . . . . 60
4.1.3 Scalar-vector-tensor interactions . . . . . . . . . . . . 61
4.1.3.1 Gauge-invariant theory . . . . . . . . . . . . 62
4.1.3.2 Broken gauge-invariant theory . . . . . . . . 62
4.2 Inflation in scalar-tensor theories . . . . . . . . . . . . . . . 64
4.2.1 Nonminimal coupling to gravity . . . . . . . . . . . . 64
4.2.2 G-inflation . . . . . . . . . . . . . . . . . . . . . . . . 65
4.3 Inflation in scalar-vector-tensor theories . . . . . . . . . . . . 69
4.3.1 Inflation with mixed helicities . . . . . . . . . . . . . 70
5 Generalized Slow-Roll Approximation 73
5.1 Generalized Slow-Roll . . . . . . . . . . . . . . . . . . . . . 75
5.2 Optimized Slow-Roll . . . . . . . . . . . . . . . . . . . . . . 76
5.2.1 Optimization . . . . . . . . . . . . . . . . . . . . . . 77
5.2.2 Correspondence to the Hubble slow-roll parameters . 78
A Cosmological perturbation theory 81
A.1 Gauge transformations . . . . . . . . . . . . . . . . . . . . . 81
A.2 Metric perturbations . . . . . . . . . . . . . . . . . . . . . . 83
A.3 Matter perturbations . . . . . . . . . . . . . . . . . . . . . . 84
A.4 The primordial curvature perturbation . . . . . . . . . . . . 86
A.4.1 Gauge invariant variables . . . . . . . . . . . . . . . . 86
A.4.2 Einstein equations . . . . . . . . . . . . . . . . . . . 86
B Equations of motion of general theories of gravity 89
B.1 Horndeski theory . . . . . . . . . . . . . . . . . . . . . . . . 89
B.1.1 Normalization factors . . . . . . . . . . . . . . . . . . 90
B.2 Scalar-vector-tensor theories . . . . . . . . . . . . . . . . . . 91
xi
II Scientific Research 93
1 Phenomenological approaches of inflation and their equivalence 95
2 Do current data prefer a nonminimally coupled inflaton? . . . . 96
3 The present and future of the most favoured inflationary models
after Planck 2015 . . . . . . . . . . . . . . . . . . . . . . . . 97
4 Reconciling tensor and scalar observables in G-inflation . . . . 98
5 Inflation with mixed helicities and its observational imprint on
CMB . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
III Summary & Conclusions 101
IV Bibliography 109
xii
Part I
The Inflationary Universe
“The reader may well be surprised that scientists dare to study processes
that took place so early in the history of the universe. On the basis of
present observations, in a universe that is some 10 to 20 billion years old,
cosmologists are claiming that they can extrapolate backward in time to
learn the conditions in the universe just one second after the beginning! If
cosmologists are so smart, you might ask, why can’t they predict the
weather? The answer, I would argue, is not that cosmologists are so smart,
but that the early universe is much simpler than the weather!”
— Alan H. Guth, The Inflationary Universe
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CHAPTER 1
An introduction to ΛCDM
At the beginning of the past century, the common belief was that the
Universe we live in was static in nature, a space-time with infinite volume
which would neither expand nor contract. When Albert Einstein was formu-
lating the General Theory of Relativity (GR), during the second decade of
the century, the equations he obtained would predict a scenario in which the
Universe would collapse due to the gravitational force pulling on galaxies
and clusters of galaxies. In order to counteract this effect, in 1917, Ein-
stein introduced a cosmological constant, Λ, into his equations, a term that
induces a repulsive force, counterbalancing the attractive force of gravity,
leading to a static universe.
Soon after, and during the course of the last and current centuries, as-
tronomers obtained an enormous amount of information about the origin
and evolution of the Universe. First, in 1929, Edwin Hubble observed that
galaxies were receding from us at a rate proportional to their distances [8]
(see Fig. 1.1). The Hubble law—as it is now called—was then a clear evi-
dence that the Universe was not only evolving but that it was dynamical!
Einstein was forced to remove the cosmological constant from his equations
in what he called his “biggest blunder”.1
After the groundbreaking observations made by E. Hubble on the ex-
panding state of the Universe, the equations of GR still suggested that the
Universe could come to a halt and eventually start to contract due to the
effects of gravity; the question was when? or, relatedly, how fast the most
1I strongly suggest the reader Ref. [9] for an amazing exposition of the history of the Gen-
eral Theory of Relativity, from its developments to its latests cosmological consequences
through the contributions of some of the greatest minds from the last century.
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Figure 1.1: Hubble diagram: Velocity-distance relation among galaxies as observed
by Edwin Hubble in 1929. The black circles and the solid line give the estimation for
individual galaxies whereas white circles and the broken line give the estimation for
combined galaxies into groups. The vertical axis is given in units of km/s whereas the
horizontal axis is shown in parsecs (1 pc=3.08× 1016 m). This plot is the original from
Ref. [8].
distant galaxies are receding from us. Unexpectedly however, further ob-
servations during the last decade of the past century made by the High-Z
Supernova Search Team [10] and, independently, by the Supernova Cos-
mology Project [11], revealed that the Universe was not decelerating, but
all the contrary, galaxies are actually receeding from one another at an ac-
celerated rate. Both teams looked at distant Supernovae whose (apparent)
luminosity is well-known (this type of supernovae are called Type Ia). These
supernovae are standard candles: by measuring their flux and knowing their
luminosity, we can determine the luminosity distance to these objects and
compare to what we expect from the theory. Indeed, the luminosity dis-
tance is directly related to the expansion rate of the Universe and its energy
content [12,13]. The two aforementioned independent groups observed that
the Type Ia Supernovae were much fainter than what one would expect in
a universe with only matter. Consequently, an additional ingredient was
mandatory to make our Universe to expand in an accelerated way.
The accelerated nature of the expansion of the Universe has been con-
firmed by several experiments during the following years, however, its nature
remains a mystery. The simplest explanation relies on an intrinsic source
of energy of space itself which would act in the same way as the cosmologi-
cal constant Einstein introduced 100 years ago. Even though the observed
value for this vacuum energy density and the value computed from quan-
tum field theory (QFT) calculations differ in many orders of magnitude, the
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cosmological constant Λ is now a fundamental part of the standard model
of Cosmology and it is referred to as the dark energy.
This Chapter provides a brief introduction to the standard model of
Cosmology—the so-called ΛCDM—by accounting for the evolution of the
Universe from the big bang to the current observations of the late-time
accelerated expansion. We shall then review the basic equations for the
dynamics of an expanding universe and the main problems of the ΛCDM
model, which indicate the strong need for an explanation of the initial con-
ditions of the early universe.
1.1 The expanding universe
In an expanding universe, where each galaxy is receding from one an-
other, one could perform the thought experiment of reversing the time flow.
An expanding universe would become a collapsing one where all galaxies get
closer and closer to each other. When we then look further back in time, we
can see that all the matter and energy content fuse together in a very small
and, hence, highly dense and energetic patch of space and time. At this
point—dubbed as the hot big bang—the equations of GR break down and
a new formulation of gravity which includes the laws of quantum mechan-
ics needs to be found. As we currently do not know the principles of such
a theory, a given cosmological model must assume some initial conditions
which otherwise should come up from a good quantum gravity candidate.
As we shall see, these initial conditions need to account for the right amount
of initial density perturbations as well as for the observed homogeneity and
isotropy of the largest structures of the Universe.
The Universe started to expand soon after the Big Bang, cooling down
and following several proceses for a period of approximately 14 billion
years2—the current age of the Universe. During each of these proceses, the
matter and energy content of the Universe went through different phases,
each of which left imprints in different direct and indirect cosmological ob-
servations we measure nowadays. These indeed have helped us to uncover
the history of the Universe we are about to briefly summarize [12, 14–17].
Figure 1.2 shows a schematic summary of the different stages the Universe
has gone through.
1.1.1 Cosmological phase transitions
As already pointed out, our starting point is the hot big bang—we will
see that the event previously described as the big bang is not the expected
2As in English: 1 billion = 1 thousand million.
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nuclei, will disintegrate and point-like particles will move away from each other to infinite
distance.
1.5 Universe in the Past
The very fact that the Universe expands clearly implies that it was denser and
warmer in the past. On the basis of General Relativity and standard thermody-
namics we will see that matter had higher and higher temperature and density at
earlier and earlier epochs, and that at most stages it was in thermal equilibrium.
Hot Big Bang theory is precisely the theory of such a Universe. Going back in time,
and, accordingly, up in temperature, we find a number of particularly important
“moments” (better to say, more or less lengthy periods) in the cosmological evo-
lution, see Fig. 1.9. Let us briefly discuss some of them.
1.5.1 Recombination
At relatively low temperatures the usual matter in the Universe was in the state
of neutral gas (mainly hydrogen). At earlier stage, i.e., at higher temperatures, the
binding energy was insufficient for keeping electrons in atoms, and the matter was in
inflationary
Fig. 1.9 Stages of the evolution of the Universe.
Figure 1.2: Stages of the evolution of the Universe. Adapted from Introduction to the
Theory of the Early Universe [17] (page 20).
beginning of the Universe, but the residual of the inflationary epoch. We
call the hot ‘Big Bang’ to the epoch where all the elementary particles,
described in the Standard Model of Particle Physics [18–20], were in thermal
equilibrium—they were moving freely in the primordial plasma—at energies
of a few hundreds of GeV, approximately 1015 degrees Kelvin.3
As the Universe started to cool down, it experimented phase transitions
characterized by the change in the nature of the cosmic fluid. The first
one resulted in the spontaneous breaking of the electroweak (EW) symme-
try [21–23]:4 at energies above approximately 100 GeV—the energy-scale
31 GeV=1.16 × 1013 K. Given this equivalence, we shall sometimes refer to a given
temperature in eV units.
4Let us emphasize that there is a reasonable expectation for a Grand Unification epoch,
where the QCD and the EW interactions are unified into a single force. Therefore the
first phase transition would be at the energy-scale of the Grand Unified Theories (GUT)
corresponding to temperatures of around T ∼ 1016 K. However, even though the idea
was proposed in 1974 [24], there are no experimental hints yet that confirm the theory
and, furthermore, we will see that inflation is expected to take place at slightly lower
energies. Therefore we will ignore the hypothesis of the GUT epoch in this thesis.
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of the EW interaction—the EW SU(2) ⊗ U(1) gauge symmetry remained
unbroken and, consequently, particles in the primordial fluid were massless.
Once the temperature dropped, the Higgs field acquired a nonzero vacuum
expectation value (vev) which, in turn, breaks the EW symmetry down to
the U(1) gauge electromagnetic group. The interaction of particles with the
Higgs field provides them with mass (except for the photon which belongs
to the unbroken U(1) group) [25,26]. As a result, the new massive particles,
as the W± and Z gauge bosons, mediate only short-distance interactions.
Another phase transition, the QCD—Quantum Chromodynamics—tran-
sition, occurred at energies around ΛQCD ∼ 200 MeV. The QCD theory
describes the strong force between quarks and gluons, which are subject to
an internal charge called colour [27–29]. The strong force has the peculiar
characteristic of being weaker at shorter (rather than at larger) distances as
opposed to the well-known electromagnetic force. This distinctive feature,
called asymptotic freedom [30, 31], allows the fluid of quarks and gluons
to interact only weakly above this energy scale. Once the energy drops
below ΛQCD, quarks and gluons get confined into colourless states, called
‘hadrons’, of regions with size of Λ−1QCD ' 10−15 m. Consequently, isolated
quarks cannot exist below the confinement energy scale.
1.1.2 Neutrino decoupling
Neutrinos are weakly interacting particles. As such, they stopped inter-
acting soon in the early universe, exactly when their interaction rate falls
below the rate of the expansion of the Universe, at an approximate temper-
ature of 2-3 MeV [14, 17, 32]. Below this temperature, these relic neutrinos
can travel freely through the Universe as they do today. Their tempera-
ture and number density are indeed of the same order as the measured relic
photons that we shall describe later. However, although direct detection of
the relic neutrinos is an extremely difficult task given their feeble interac-
tion with matter [33], their energy density plays an important role on the
Universe’s evolution [34–36] and thus we are confident of their existence.
1.1.3 Big Bang Nucleosynthesis
Light elements form when freely streaming neutrons bind together with
protons into nuclei. These processes happened at energies of a few MeV, cor-
responding to the binding energy of nuclei and, as a consequence, there was
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a production of hydrogen and helium-4, in large amounts, and deuterium,
helium-3 and lithium-7 in smaller abundances.5
The calculation of the amount of light elements produced during this
epoch requires the physics of the previous phase transitions—namely nu-
clear physics and weak interactions—as well as the use of the equations of
GR [37, 38]. Consequently, the measurement of the primordial abundances
of such elements and its agreement with the Big Bang Nucleosynthesis
(BBN) theory is one of the greatest achievements of the ΛCDM model.
This, furthermore, makes the BBN epoch the earliest epoch probed with
observations [20] (see however [39, 40] for a discussion on the controversial
observed amount of Lithium and the theoretical expectations).
1.1.4 Recombination
We have reached an epoch where the constituents of the primordial
fluid were nuclei, electrons and photons. During BBN, the photons were
still energetic enough to excite electrons out of atoms. However, once the
temperature of the Universe drops at energies around 0.26 eV (∼3000 K),
electrons are finally trapped by the nuclei, forming the first stable atoms.
This made the remnant of the primordial fluid to become a neutral gas
made mostly of hydrogen [41,42].
It is at this point where a crucial event takes place: photons stopped
being actively scattered by the electrons and were able to propagate freely
through the Universe, forming a relic radiation which has been freely prop-
agating since then. This radiation is in fact the first light of the Universe
and, furthermore, it can be measured today with antennas and satellites as
some type of noise coming from all parts of the sky. This photon radia-
tion is the so-called Cosmic Microwave Background (CMB) and, as we will
see, it plays a crucial role in the understanding of the inflationary epoch
because it contains information about the primordial density perturbations
and also about the degree of homogeneity and isotropy present during the
recombination epoch.
1.1.5 The Cosmic Microwave Background
The energy spectrum of the CMB, as measured today, is precisely that
of a black body [43] with a mean temperature of T0 = 2.726± 0.001 K [44].
It was first detected in 1965 by Arno Penzias and Robert Wilson using their
antenna from Bell Laboratories [45]. Once they ruled out any known source
5Heavier elements need higher densities to form. Carbon and other elements synthesized
from it, are the result of thermonuclear reactions in stars once after they have burned
out their concentrations of hydrogen and helium.
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Figure 1.3: Temperature anisotropies and polarization in the Cosmic Microwave Back-
ground. Variations in color indicate variations in temperature: the bluer (redder) regions
correspond to colder (hotter) temperatures. On the other hand, the texture pattern rep-
resents the direction of polarized light. The illustration shows the anisotropies at an an-
gular resolution of 5◦, however, the Planck satellite has reached a resolution as accurate
as ∼ 0.16◦ [47]. Image Credit: European Space Agency (ESA) and Planck Collaboration.
of noise, Dicke, Peebles, Roll and Wilkinson reported, in the same year,
that the source of this radiation could be attributed to the relic photons
that decoupled at the recombiation era [46].
The CMB spectrum with mean T0 temperature is not, however, per-
fectly isotropic. There are small variations in temperature across the celes-
tial sphere. A map of the CMB is shown in Fig. 1.3 where the changes
around the mean temperature—quantified by the differences in color—
manifest as anisotropies across the angular scales observed in the sky. These
anisotropies are of order of 10−5 and are consequence of the slight difference
in density across the particle fluid at the time of recombination. Therefore,
the CMB is indeed a map of the Universe when it was about 380000 years
old.
The differences in temperature across the sphere can be conveniently
expanded in spherical harmonics as
δT (nˆ)
T0
=
∞∑
`=1
m=`∑
m=−`
a`mY`m(nˆ) , (1.1)
where δT (nˆ) ≡ T (nˆ) − T0 quantifies the deviation between the tempera-
ture T (nˆ) coming from the direction nˆ and the mean temperature T0. The
coefficients alm are themselves related to the amplitud of temperature fluc-
tuations, whereas their ensemble average 〈a`m〉 contains all the statistical
information about an average of universes like ours.
One important measurement of the CMB is that the primordial density
perturbations must have been close to Gaussian. Given that the alm coef-
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ficients are linear functions of the primordial perturbations, then they are
also Gaussian random variables. Hence, the spectrum Cl of the two-point
correlation function 〈a`ma∗`′m′〉 completely determines the CMB anisotropies.
Furthermore, as we have only one universe to experiment with, the en-
semble average can be translated to an average over the single sky we can
observe. For higher multipoles `, with a large number of different values
for m = −`, ..., `, this is a good approximation and indeed observations are
consistent with the Gaussian hypothesis. For lower multipoles, however,
the statistical analyses are limited by the cosmic variance. Specifically, the
spectrum is defined as
CTT` ≡
1
2`+ 1
m=`∑
m=−`
〈a`ma∗`m〉 , (1.2)
where the statistical error is 1/
√
`+ 1/2 , which is clearly larger for a smaller
value of `.
Another important type of information contained in the CMB spectrum
is its polarization. Figure 1.3 also shows the pattern of polarized light mea-
sured in the CMB. The photons decoupled during the recombination era
come with polarization states due to the Thompson scattering they experi-
mented before decoupling [48–50]; however, their polarization can be further
affected during their subsequent travel by scattering with free electrons dur-
ing the reionization era6 or by lensing effects due to massive structures.7
As for the temperature anisotropies, we can define two different scalar
quantities of polarization in terms of the polarization factors aElm and aBlm as
E(nˆ) =
∞∑
`=1
m=`∑
m=−`
aE`mY`m(nˆ) , B(nˆ) =
∞∑
`=1
m=`∑
m=−`
aB`mY`m(nˆ) . (1.3)
With these two different types of polarization, we can now define three differ-
ent types of correlations—TT , EE and BB—plus three cross-correlations—
TE, TB and EB,— however, the last two vanish due to symmetry under
parity [12,17].
Measurements of the CMB can then determine the spectra CTT` , CTE` ,
CEE` and CBB` . The shape shown in Fig. 1.3 is characteristic of the E-
mode polarization, the predominant type of polarization observed, whereas
6At late times, star formation processes lead to a reionization period in the Universe.
CMB photons can therefore interact with the new free electrons, changing their polar-
ization.
7Massive structures bend the light that travels close to them. On one hand, stars, galaxies
and galaxy clusters can act as enormous lenses for distant light passing through them,
deforming it into Einstein rings [51]. On the other hand, light rays traveling long
distances during the early universe are also affected by mass sources surrounding their
path but in a smaller amount. The statistical account for this effect is commonly known
as weak lensing and it can also modify the polarization state of the CMB photons.
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measurements of the B-mode polarization have only placed upper bounds on
the BB spectrum. The B-mode polarization on degree scales is produced by
tensor modes present during inflation, thereby a measurement of this type
of polarization would extremely help to understand the physics of inflation
(see, e.g., Refs. [52–55]).
1.1.6 Structure formation
The starting point of structure formation is the assumption of initial
regions of overdensities. During the epoch of radiation domination (be-
fore recombination), the amplitude of the density perturbations was small.
However, at some point, the Universe becomes matter dominated and then
matter starts to get trapped into overdensed regions due to the gravitational
potentials.
The way galaxies and clusters of galaxies are currently distributed in
space depends crucially on the primordial overdensity. The existence of
these initial overdensities is indeed assumed, in the same way as the initial
homogeneity and isotropy, as no mechanism within the ΛCDM model is able
to produce it. We will see later that inflation, in fact, is exactly a mechanism
that provides us with these initial perturbations, with predictions that are
amazingly consistent with the data.
Furthermore, the theory of structure formation gives strong hints for the
existence of an unknown type of matter which does not have electromagnetic
interaction, i.e. does not emit light. This dark matter is indeed needed to
understand the rotation curves of galaxies and to account for the rate of
formation of the structures: without dark matter, structures would not have
been formed yet! Consequently, the dark matter must be non-relativistic—
it must cluster—and therefore it is said that dark matter is cold. Current
observations show that the dark matter accounts for the 85% of the matter
content in the Universe and therefore it is a key element in the development
of the ΛCDM (lambda-cold dark matter) model, together with the dark
energy component.8
As the evolution of the structure formation links the current state of the
large structures with the initial conditions of the early universe, the obser-
vations of the Large Scale Structure (LSS) and their statistical signatures
have the power of constraining inflation apart from those from the CMB.
The first important observation we note is that the Universe, as already
stated, is highly homogeneous, i.e., at relatively large scales, it looks the
same wherever we look. Figure 1.4 is an example of this fact: it shows the
8We shall not further discuss the nature of dark matter as it is not the main topic of this
work, see however Refs. [56–58] for reviews on the subject.
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Figure 1.4: N-body simulation of the dark matter density distribution at t = 13.6
Gyr (today) using the ΛCDM model [59]. It is shown the scale distance of 500 Mpc/h
(see §1.2 for details) above which the distribution of matter is clearly homogeneous and
isotropic as assumed by the ΛCDM model.
N-body simulation of 1010 particles of a dark matter field evolved following
the ΛCDM model [59].
1.2 Dynamics of an expanding universe
So far we have briefly reviewed the evolution of the Universe which is
consistent with observations. It can be summarized as a primordial fluid
made by elementary particles filling the spacetime. Across this fluid, there
must have existed density perturbations in order to lead to structure for-
mation processes due to the gravitational potential wells. As the Universe
expanded, this fluid cooled down experiencing several processes which left
their imprint both indirectly and directly in the CMB photons and in the
structures we measure today. From observations of these two, we can in-
fer the required level of homogeneity and anisotropy the primordial fluid
should have had. Let us now set the mathematical grounds upon which the
theory is built (see Refs. [12,15–17,60,61] for comprehensive studies in the
literature).
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1.2.1 Geometry
The geometry of an expanding homogenous and isotropic universe is sim-
ply described by the Friedmann-Lemaître-Robertson-Walker metric (FLRW)
ds2 =gµνdxµdxν
=− dt2 + a2(t)gijdxidxj ,
(1.4)
where gij is the metric of a unit 3-sphere given by
dl2 = dχ2 + Φ(χ2)
(
dθ2 + sin2 θdφ2
)
. (1.5)
Depending on the spatial curvature of the universe, the value of Φ(χ2) is
given by
Φ(χ2) ≡

sinh2 χ
χ2
sin2 χ
k = −1
k = 0
k = +1
, (1.6)
where the curvature parameter k is +1, 0 and -1 for a positive-curvature,
flat and negative-curvature universe respectively.
The function a(t), called scale factor, grows with time and thus charac-
terizes the distance between two distant objects in space at a given time.
We can therefore define the rate of cosmological expansion characterized by
the change of the scale factor in time as9
H(t) = a˙(t)
a(t) , (1.7)
which is another function of time, and is called the Hubble rate. The present
value of the Hubble parameter, denoted by H0, is currently being con-
strained by the Planck satellite. Its measured value is H0 = (67.27 ± 0.6)
km s−1Mpc−1 = h · 100 km s−1 Mpc−1.10 However, local estimates from
distance ladders find a value of H0 = (73.8± 2.4) km s−1Mpc−1, showing a
discrepancy of around 3.5σ level (see [47] for details).
To understand the value of the intrinsic curvature, i.e. the value of k
in Eq. (1.6), we again assume a homogeneous and isotropic universe filled
with a perfect fluid (i.e. with vanishing viscous shear and vanishing heat
flux) characterized only by an energy density ρ and an isotropic pressure p.
With these ingredients we can define the ratio of energy density relative to
9Here and throughout this thesis, dots imply derivatives with respect to cosmic time t.
10A megaparsec (Mpc) is a standard cosmological unit of length given by 1 Mpc = 3.1×
1024 cm. Also, h ' 0.66 is a dimensionless parameter sometimes used to parametrize
the value of H0 (as in Fig. 1.4).
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Figure 1.5: Left: Planck 2015 constraints in the Ωm − ΩΛ plane [64]. Right: Planck
2018 constraints in the Ωk − Ωm plane [47]. Both constraints are color-coded by the
measurement of H0 and are obtained by using CMB (TT, TE and EE), LSS (weak
lensing) and BAO observations.
the critical one, ρc,11 as Ω = ρ/ρc, and the equation of state as ω ≡ p/ρ.
The curvature parameter is related to Ω as
1− Ω = − k
(aH)2
. (1.8)
Therefore the intrinsic curvature of the Universe today depends on its total
energy density. Current CMB, LSS and BAO12 combined observations [47]
estimate a present value of Ωk ≡ 1−Ω0 = 0.0007±0.0019 at 68% confidence
level, implying that, to a very good approximation, we are living in a flat
universe (k = 0).
In the same way, we can define a ratio for both the total matter content,
Ωm, and the contribution due to the dark energy, ΩΛ, the sum of which
equals the total energy content of the Universe. Figure 1.5 shows the current
constraints on the three ratios (Ωk = 1 − Ωm − ΩΛ) using CMB, LSS and
BAO observations. We see that around the 70% of the Universe is filled
with the mysterious dark energy.
11Where ρc, the energy density of an exactly flat spacetime, is to be carefully defined in
§1.2.2.
12Baryon acoustic oscillations (BAO) are pressure waves in the coupled baryon-photon
fluid, similar to sound waves, which had visible effects on the CMB and LSS spectra [62,
63].
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1.2.2 Evolution
The evolution of the Universe is governed by the Einstein’s field equa-
tions of General Relativity written as
Rµν − 12gµνR = 8piGTµν , (1.9)
where G is Newton’s gravitational constant, R = gµνRµν is the scalar curva-
ture, and the Ricci tensor Rµν is defined in terms of the Christoffel symbols
as
Rµν = Γλµν,λ − Γλνλ,µ + ΓλµνΓσλσ − ΓλµσΓσλν . (1.10)
Here and throughout this thesis, commas denote partial derivatives ,α ≡
∂/∂xα. The symbols themselves are affine connections defined in GR as
Γλµν =
1
2g
λσ (gνσ,µ + gµσ,ν − gµν,σ) . (1.11)
The energy-momentum tensor Tµν , in Eq. (1.9), reads as
T µν = (ρ+ p)uµuν − pδµν , (1.12)
for a perfect, homogeneous and isotropic, and in a local reference frame
fluid, where uµ is its 4-velocity satisfying the condition gµνuµuν = −1. In
cosmology one usually chooses a reference frame which is comoving with the
fluid. In this case, uµ = (1, 0, 0, 0) and then the energy-momentum tensor
can be written as a diagonal matrix T µν =diag(ρ,−p,−p,−p). Furthermore,
the energy-momentum tensor is conserved, i.e.
T µν;µ = 0 , (1.13)
where semicolons denote covariant derivatives ;µ ≡ ∇µT µν = T µν,µ + ΓµµσT σν −
ΓσµνT µσ . Equation (1.13) leads to the continuity equation
dρ
dt + 3
a˙
a
(ρ+ p) = 0 , ↔ d ln ρd ln a = −3 (1 + ω) , (1.14)
where we used the definition of the equation of state ω ≡ p/ρ.
One needs to compute all the components of Eq. (1.9) considering the
FLRW spacetime by means of the metric given by Eq. (1.4). The 00-
component of the Einstein equations relates the rate of cosmological ex-
pansion given by H to the total energy density as13(
a˙
a
)2
= 13ρ−
k
a2
. (1.15)
13Here and from now on, we will work in units given by MPl = (8piG)−1/2 = 1, where
MPl is the Planck mass scale.
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This is called the first Friedmann equation. Notice that for a flat (k = 0)
universe, the energy density reads as ρc = 3H2 which we had defined before
as the critical density, and therefore Eq. (1.15) can be written as Eq. (1.8).
Taking the derivative of Eq. (1.15) and using the continuity equation (1.14),
one obtains the second Friedmann equation:
a¨
a
= −16 (ρ+ 3p) , (1.16)
which gives the acceleration of the scale factor in terms of ρ and p.
The continuity equations (1.14) can also be integrated for ω = const. to
find the behavior of the total energy density as
ρ ∝ a−3(1+ω) , (1.17)
and thus, by plugging it into Eq. (1.16), we could find the behavior of the
scale factor for a universe dominated for different components (depending
on the value of the equation of state ω):
a(t) ∝
{
t2/3(1+ω)
eHt
ω 6= −1
ω = −1 . (1.18)
Notice that an equation of state given by ω = p/ρ = −1 implies that the
universe is filled with a fluid with negative pressure. This is exactly the
case of a universe dominated by a cosmological constant or by a scalar field
driving an accelerated expansion.
1.2.3 Horizons
Information across space can only travel with finite speed, as stated by
the Special Theory of Relativity. This defines the causal structure of the
Universe: an event originated at some point in spacetime will propagate
with a speed which cannot surpass the speed of light. Photons, for instance,
—traveling at the speed of light—follow null (light-like) geodesics obeying
ds2 = 0. To better understand the consequences of this simple fact, we
define a standard function of time, called conformal time τ , given by
dτ = dt
a(t) . (1.19)
In terms of τ , the FLRW line element, Eq. (1.4), with the spatially flat
metric gij = δij, can be written as
ds2 = a2(τ)
(
−dτ 2 + δijdxidxj
)
, (1.20)
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Figure 1.6: Light cone. The information coming from an event produced at a given
point in spacetime can only travel with finite speed in time-like worldlines. Light-like
curves then enclose all the regions that are and will be causally-connected to that event.
i.e. a static Minkowski metric (gMinkµν = diag (−1, 1, 1, 1)) rescaled by a(τ).
It is simple to see then that null geodesics are described by straight lines of
45◦:
|d~x| = dτ . (1.21)
Figure 1.6 sketches causally connected and disconnected regions of space-
time: null geodesics given by ds2 = 0 enclose regions causally connected to
a given event in a light cone; regions outside the light cone do not have ac-
cess to the event. The light cone grows with time, i.e. causally disconnected
regions will be reached by the cone at some future time.
Imagine then a photon emitted during the Big Bang; there is a finite
physical distance this photon has traveled since then given by
dH(t) = a(t)τ(t) . (1.22)
This distance, in fact, defines the radius of a sphere called cosmological
horizon or comoving particle horizon which, for an observer at present time,
represents the size of the observable universe.
Now imagine an observer lying at some position ~x = 0. For this observer,
there will be a future event which will never reach her. For an arbitrary
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future time, Eq. (1.21) reads
τ(t→∞)− τ(t) =
∫ ∞
t
dt′
a(t′) , (1.23)
which allows us to define the physical size
de = a(t)
∫ ∞
t
dt′
a(t′) =
1
He
. (1.24)
This result implies that such an observer will never know about an event
that happens at a distance larger than de. This distance is called the event
horizon.
As we shall see, the event horizon allows us to understand how, without
an accelerated expansion during the early universe, most of the observable
cosmological scales would have never been in causal contact, which is the
core of the ΛCDM problems we are about to discuss.
1.3 Problems of the standard cosmological
model
The ΛCDM model just described, consisting on different phases, each
driven by very different physical processes, is able to explain with incredible
accuracy a large amount of direct and indirect observations. However, as
we have already stated several times, it does not provide neither the initial
conditions for the primordial fluid in the very early universe—its assumed
homogeneity and isotropy—nor the required density perturbations which
are the seeds for the structures we observe today in our Universe; these
ingredients are just assumed to be there.
On the one hand, it is indeed a puzzle the homogeneity observed in
the Universe. Take for instance the CMB anisotropies. The differences
in temperature are of order of 10−5, however, the CMB at the time of
decoupling consisted of 104 causally disconnected patches which should have
never been in thermal equilibrium. How is it that they have the same
temperature then? (This is the so-called Horizon problem). On the other
hand, for our universe to be flat now, it must have been flat to an incredibly
degree in the far past, a value uncomfortably small to take as an initial
condition. (This is the so-called flatness problem). These two issues are
among the main problems of the standard model of Cosmology.
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1.3.1 Horizon problem
The particle horizon presented in Eq. (1.19) can be rewritten as
τ =
∫ a′
0
d ln a
aH
. (1.25)
Furthermore, from Eq. (1.18) one can use the definition dt = adτ and find
that the combination (aH)−1 grows, for a matter (with ω = 0)- or radiation
(with ω = −1/3)-dominated universe, as
(aH)−1 ∝ a 12 (1+3ω) , (1.26)
and therefore the particle horizon (1.25) grows in a similar way.
The quantity defined as (aH)−1 is called the comoving Hubble radius,
and its implications are quite important: as the comoving Hubble radius has
been growing monotonically with time during the evolution of the Universe,
observable scales are now entering the particle horizon and, therefore, they
were outside causal contact in the far past, at the CMB decoupling for
instance. Consequently, the homogeneity problem is manifest: two points
with an angular separation exceeding 2 degrees over the observable sky
should have never been in thermal equilibrium and yet they have almost
exactly the same temperature!
1.3.2 Flatness problem
We have now defined the comoving Hubble radius, which clearly is a
function of time that monotonically grows during the evolution of the Uni-
verse. Evidently, Eq. (1.8) is therefore a function of time too. It can be
then explicitly written as
|Ω(a)− 1| =
∣∣∣∣∣ k(aH)2
∣∣∣∣∣ , (1.27)
where we recall that Ω(a) ≡ ρ(a)/ρc(a). Because (aH)−1 grows with time,
|Ω(a) − 1| must diverge and therefore the value Ω(a) = 1 is an unstable
fixed point, as seen from the differential equation [60]
d ln Ω
d ln a = (1 + 3ω) (Ω− 1) . (1.28)
For the observed value Ω(a) ∼ 1, the initial conditions for Ω then require an
extreme fine tuning. For instance, to account for the flatness level observed
today, |Ω(aBBN) − 1| ≤ O (10−16) or |Ω(aGUT) − 1| ≤ O (10−61). Setting
these orders of magnitude as initial conditions imply a huge fine-tuning
problem.
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1.3.3 Initial perturbations problem
Finally, as we have already stated, even though the homogeneity and
isotropy are evident, they are not perfect. There exist structures like galax-
ies, cluster of galaxies and cosmic voids which back in time were seeded by
small density perturbations which differed in amplitude by δρ/ρ ∼ 10−5,
according to the level of anisotropy observed in the CMB. These pertur-
bations are, again, assumed and put by hand, as the ΛCDM model has no
mechanism which can produce them. To that end, a theory providing a
mechanism for the generation of these primordial seeds is very appealing.
In the following, we shall see that both the horizon and flatness problems
are trivially solved if we account for an epoch in which the comoving Hubble
radius decreases before starting to increase again, and that this epoch must
consist in an accelerated expansion of the Universe. Furthermore, in the
quantum regime, vacuum fluctuations subject to this accelerated expansion
could be stretched to classical scales, becoming into the primordial seeds
we are looking for. Such a mechanism is now conceived as inflation (for
reasons we are about to discuss) and it is not only an artifact to solve the
horizon and flatness problems, but a theory where the laws of GR and those
of quantum mechanics are put to work together, converting inflation in the
theory of the primordial quantum fluctuations.
CHAPTER 2
The Physics of Inflation
The inflationary paradigm provides the Standard Model of Cosmology
with a mechanism which easily solves the horizon and flatness problems and,
at the same time, produces the primordial seeds that became the structures
we see today in the sky. Independently of the precise nature of the mecha-
nism, it consists on an accelerating stage during the early universe (similar
to the current one driven by the dark energy component) which happened
only for a brief period, soon after the big bang. During this time, the Uni-
verse should have exponentially increased—inflated—by a factor of 1024 in
order to fit the current observational constraints. As we shall see, the co-
moving Hubble radius decreases during this stage and, therefore, observable
scales were inside the horizon at the beginning, i.e. in causally-connected
regions. Hence, this solves the horizon problem. A similar analysis shows
that the flatness problem is solved too.
Different mechanisms to inflate the universe have been proposed—the
standard picture being that of a new field driving the accelerated expansion.
The original one,1 due to Alan Guth [65], consisted in a new scalar field
trapped in a false vacuum state which energy density drives the accelerated
expansion. The false vacuum is unstable and decays into a true vacuum
by means of a process called quantum bubble nucleation. The hot big bang
was then generated by bubble collisions whose kinetic energy is obtained
from the energy of the false vacuum. A deep analysis of this mechanism,
however, showed that this method does not work for our Universe: for
1Alan Guth was the first one who proposed a scalar field for the inflationary mechanism
and who coined the term ‘inflation.’ However, historically, the first successful model of
inflation is due to Alexei Starobinsky (1979). See §2.3 for a discussion on this model.
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sufficiently long inflation to solve the horizon problem, the bubble collision
rate is not even small but it does not happen at all as the bubbles get pushed
to causally disconnected regions due to the expansion [66–68]. Even though
Guth’s mechanism did not work, he showed that an accelerated expanding
universe could be able to solve the horizon and flatness problems.
Soon after, Andrei Linde [69] and, independently, Andreas Albrecht and
Paul Steinhardt [70] introduced a new mechanism in which the new scalar
field, instead of being trapped in a false vacuum, is rolling down a smooth
potential. Inflation then takes place while the field rolls slowly compared
to the expansion rate of the Universe. Once the potential becomes steeper,
the field rolls towards the vacuum state, oscillates around the minimum and
reheats the Universe. This new mechanism has prevailed up to now and it
is the so-called Slow-Roll inflation.
In 1981, Viatcheslav Mukhanov and Gennady Chibisov showed an amaz-
ing consequence of an accelerated stage of the primordial universe [71]:
quantum fluctuations present during this epoch are able to generate the
primordial density perturbations and their spectra amplitude are consis-
tent with observations. Later, during the 1982 Nuffield Workshop on the
Very Early Universe, four different working groups, led by Stephen Hawk-
ing [72], Alexei Starobinsky [73], Alan Guth and So-Young Pi [74], and
James Bardeen, Paul Steinhardt and Michael Turner [75], computed the
primordial density perturbations generated due to quantum fluctuations by
the slow-roll mechanism. These calculations made inflation not only an ar-
tifact to solve the horizon and flatness problems, but a fully testable theory
able to generate the initial conditions of the ΛCDM model.2
The simplified picture of inflation consists then in an accelerated epoch
driven by the energy density of a new scalar field, dubbed the inflaton,
which slowly rolls down its potential. Once the inflaton acquires a large
velocity, inflation ends and the inflaton oscillates around the minimum of
the potential, reheating the Universe i.e. giving birth to the hot big bang
universe we described in the previous chapter. During the inflaton’s evo-
lution, vacuum fluctuations of the inflaton field are continuously created
everywhere in space. These fluctuations, which were in causal contact, get
stretched to classical levels, exiting the horizon and originating overdensity
fluctuations that seeded the structure formation of the Universe.
Along this Chapter, we firstly focus on the classical dynamics of slow-roll
inflation: the solution to the ΛCDM problems and the dynamics of a scalar
field coupled to Einstein’s gravity (GR). Secondly, we shall introduce the
2Alan Guth himself is the author of a book on the history of inflation—The Inflationary
Universe: The quest for a new theory of cosmic origins [76]. I suggest the interested
reader to take a look at the book for an extraordinary account of the development of
the Inflationary Theory.
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theory of cosmological perturbations and follow the quantization prescrip-
tion for a scalar field in order to compute the predictions for the primordial
perturbations. Finally, we shall describe the cosmological observations able
to test and discern between different realizations of inflation.
2.1 The horizon and flatness problems revis-
ited
As already pointed out, the core of the ΛCDM problems is the growing
nature of the comoving Hubble radius (aH)−1—a region enclosing events
that are causally-connected at a given time—during the evolution of the
Universe. As a consequence, most of the observable scales must have been
disconnected in the past. The intuitive solution is then a mechanism which
makes the comoving Hubble radius decrease during the early times. This
would imply that observable scales were causally-connected at some initial
time and then exited the horizon when it decreased. The horizon problem
would then be solved as currently disconnected regions across space would
have been allowed to be causally-connected in the past.
As we shall see in §2.1.1, during inflation, the Hubble parameter H is ap-
proximately constant. Therefore, the particle horizon τ , given by Eq. (1.25),
can be integrated explicitly as
τ ' − 1
aH
. (2.1)
So one can see that a large past Hubble horizon (aH)−1 would make τ
fairly large today, larger than the present Hubble horizon (a0H0)−1, i.e. two
largely-separated points in the CMB would not communicate today but
would have done so in the past if they were inside the particle horizon τ .
Figure 2.1 sketches this reasoning.
Furthermore, it is evident from Eq. (1.8) that a decreasing Hubble ra-
dius drives the Universe towards flatness, and just deviating from it at
present times. Thereby Ω = 1, which previously was an unstable fix point
(see Eq. (1.28)), became an attractor solution thanks to inflation, thus also
solving the flatness problem.
2.1.1 Conditions for inflation
The shrinking Hubble radius entails important consequences for the evo-
lution of the scale factor a, i.e. for the evolution of the Universe. First, lets
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Figure 2.1: Evolution of the comoving Hubble radius (aH)−1. At early times, the
horizon was large enough so that observable scales were in causal contact. As inflation
took place, the horizon shrank and scales came out to disconnected regions. Inflation then
finished and the horizon started to grow to the present size. Two casually-disconnected
regions, P and Q, were then in causal contact at some point in the past, thus resolving
the horizon problem.
note that the change of the decreasing (aH)−1 over time is
d
dt
( 1
aH
)
= − a¨
(aH)2
< 0 , (2.2)
and therefore, from the inequality,
a¨ > 0 , (2.3)
is a necessary condition for the shrinking of the Hubble radius. It is evident
then that we require an accelerated expansion to solve the horizon and
flatness problems.
Furthermore, Eq. (2.3) has implications on the evolution of the Hubble
parameter due to the relation H˙ = (a¨/a)−H2, and hence
a¨
a
= H2 (1− H) , (2.4)
where we have implicitly defined the first slow-roll parameter as
H ≡ − H˙
H2
< 1 . (2.5)
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As we shall see, H is one of the most important parameters in inflation, as
it quantifies its duration and, equivalently, determines when it ends.
Furthermore, from the second Friedmann equation (1.16),
a¨
a
= H2 (1− H) = −16 (ρ+ 3p)
= −ρ6 (1 + 3ω) ,
(2.6)
where, for H → 0 and a flat Universe with ρ = ρc = 3H2, we find that
Eq. (2.6) leads to
ω → −1 , ↔ a ∝ eHt , (2.7)
as already obtained from Eq. (1.18). This means that the expansion in-
creases exponentially or, in other words, the universe inflates! In a general
case, Eq. (2.6) suggests a more general condition for an accelerated expan-
sion:
p < −13ρ , (2.8)
which, as discussed in §1.2.2, implies that the accelerated expansion is driven
by a fluid with negative pressure.
Finally, notice that Eq. (2.5) shows that during this accelerated expan-
sion, the rate of change of the Hubble parameter is required to be small,
meaning that H is approximately constant during inflation. This has im-
portant consequences on the conformal time, namely (see Eq. (2.1))
τ = − 1
aH
, ↔ a = − 1
Hτ
, (2.9)
and therefore a singularity a = 0 corresponds to τ → −∞ . Consequently,
at τ = 0 the scale factor is not well defined and inflation must end before
reaching this epoch (that is, H ' const. stops being a good approximation).
The spacetime defined with these characteristics is called de Sitter space and
it is exactly the spacetime of inflation. To see the consequences of this in the
evolution of two CMB points, let us take Fig. 2.1 and put it in perspective
as a function of the conformal time τ , shown in Fig. 2.2. If we take only
the period containing the hot big bang (from τ = 0 to τ0), two CMB points
could have never been in contact, whereas once we assume inflation took
place, the light cones of these two points intersect in the far past, during
inflation, allowing them to be causally connected.
Before continuing, and to summarize, let us emphasize that whatever the
mechanism for inflation is, the simple fact that the comoving Hubble radius
shrinks implies that the following conditions must be (mutually) satisfied:
a¨ > 0 , H ≡ − H˙
H2
< 1 , p < −13ρ . (2.10)
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Figure 2.2: Conformal diagram including the inflationary epoch. Inflation shifts the
initial singularity to τ = −∞ (see Eqs. (2.9)) allowing the light cones of two CMB points,
P and Q, which are causally disconnected now, to be causally connected at some point
in the past, thus solving the horizon problem.
Now, let us discuss how the energy density of a scalar field driving inflation,
subject to the slow-roll approximation, effectively satisfies these conditions.
2.2 Canonical single-field inflation
At the background level, we consider a single scalar and homogeneous
field φ(t, xi) = φ(t), which we shall name the ‘inflaton’, minimally coupled
to Einstein’s gravity. The action is then given by the sum of the Einstein-
Hilbert action and the action for the scalar field. It reads as
S = SEH + Sφ =
∫
d4x
√−g
[1
2R +
1
2g
µνφ,µφ,ν − V (φ)
]
, (2.11)
where g =det(gµν), and V (φ) is the potential energy of the inflaton φ. As
we shall see, the predictions for a given inflationary model are, in general,
highly dependent on the form of V (φ).
The variation of the Einstein-Hilbert action leads to the Einstein equa-
tions in the vacuum Rµν − 12gµνR = 0. On the other hand, the variation of
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Sφ defines the energy-momentum tensor for the scalar field:
δSφ = 12
∫
d4x
√−gTµνδgµν , (2.12)
which can be solved for Tµν as
Tµν = φ,µφ,ν − gµν
[1
2g
ρσφ,ρφ,σ − V (φ)
]
. (2.13)
Using the FLRW metric (1.4), the 00- and ii-components of Eq. (2.13) can
be related to those in Eq. (1.12) for a perfect fluid. Consequently, the energy
density and pressure for a homogeneous minimally coupled scalar field are
given by:
ρ =12 φ˙
2 + V (φ) , (2.14)
p =12 φ˙
2 − V (φ) . (2.15)
If we now take the continuity equation (1.14) and substitute Eqs. (2.14)-
(2.15) into it, we obtain the Klein-Gordon equation for a scalar field in the
gravitational background:
φ¨+ 3Hφ˙+ V ′(φ) = 0 . (2.16)
Here primes denote derivatives with respect to the field, as ′ ≡ d/dφ. Fur-
thermore, it is possible to do the same for the Friedmann equations (1.15)
and (1.16) to obtain the evolution equation for the Hubble parameter and
the constraint equation respectively as
H2 = 13
[1
2 φ˙
2 + V (φ)
]
, (2.17)
0 = φ˙2 − V (φ) + 3
(
H2 + H˙
)
. (2.18)
Together with the Klein-Gordon equation (2.16), Eqs. (2.17)-(2.18) com-
pletely determine the dynamics of the scalar field in the gravitational backgr-
ound—and hence are the so-called background equations of motion. Now,
we shall discuss how this set of equations behaves under the conditions for
inflation obtained in §2.1.1.
2.2.1 Conditions for inflation revisited
Recall the conditions for inflation in Eqs. (2.10). The third equation,
for the energy density and pressure of φ, can be written as
ωφ =
pφ
ρφ
=
1
2 φ˙
2 − V (φ)
1
2 φ˙
2 + V (φ)
< −13 , (2.19)
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which the last inequality can be recast as φ˙2 < V (φ) . The same can be
noticed from the second equation in (2.10), where the slow-roll parameter
can be written, using Eqs. (2.17)-(2.18), as
H =
1
2
φ˙2
H2
< 1 . (2.20)
In this case, the inflationary limit H → 0 places the even stronger condition
φ˙ V (φ) . (2.21)
In addition, the second derivative, i.e. the acceleration of φ, must be negli-
gible compared to the rate of expansion. This places the second condition
|φ¨|  |3Hφ˙|, |V ′(φ)| . (2.22)
This inequality allows us to introduce the second slow-roll parameter ηH ,
defined as
ηH =H − d ln H2Hdt
=− φ¨
φ˙H
.
(2.23)
Then, the condition
|ηH | < 1 , (2.24)
ensures that the fractional change of H is small. We shall sometimes use
the slow-roll parameter δ1 = −ηH which will help us to better define a
hierarchy of slow-roll parameters δi (see §5).
Therefore, the conditions for inflation Eqs. (2.10) were recast as the
slow-roll conditions {H , |ηH |} < 1 which place constraints for the velocity
of the field φ. Namely, the potential energy V (φ) should dominate over the
kinetic energy φ˙2/2 or, in other words, the field should roll slowly down its
potential. This is sketched in Fig. 2.3, where a sufficiently flat potential
would make the field roll slowly towards the minimum: once the potential
gets steeper, the field acquires a large velocity, breaking the condition (2.20);
finally, the field oscillates around the minimum and reheats the Universe. In
addition, we illustrate, in Fig. 2.4, the solution for the field φ and the first
slow-roll parameter H computed by solving numerically the background
equations (2.16)-(2.18) for the α-attractor potential given in Eq. (2.38) with
αc = 1. Notice that φ and H evolve slowly during most of the evolution,
parametrized by the number of efolds N =
∫
Hdt (quantity that we shall
carefully describe in §2.2.4) and that the field enters the oscillatory stage
when inflation finishes at H = 1, as expected.
Canonical single-field inflation 29
 i
<latexit sha1_base64="PPTk n0+wQE8A2SHWdB8hIYJ05Pc=">AAAIT3iclVVdb9MwFM3GR7fxtc EjLxHVpE2aprabBBJCmkATewBpVOxDSrLKcZzEzHFS24EVy/sNv MK/4pFfwhvCacu62I2AVI2u7jn32OfascOCYC46nR8Lizdu3rrdW lpeuXP33v0Hq2sPj3leMoiOYE5ydhoCjgim6EhgQdBpwRDIQoJOw vNXFX7yETGOc/pejAoUZCChOMYQCJ069osUD/Bgtd3Z7owf1w66 06DtTJ/DwVprx49yWGaICkgA5163U4hAAiYwJEit+CVHBYDnIEGe DinIEA/keLrKXdeZyI1zpv9UuOPs9QoJMs5HWaiZGRApN7EqOQ/ zShE/CySmRSkQhZOB4pK4Incr726EGYKCjHQAIMN6ri5MAQNQ6A6 t1IbhIgNsxKKaFZkwoBsGL9TcKc31UK9HdJJcvz5tXgCKebqVoQ sM80CGIERkPucaqNe8MgNoUo4nPCEYZUZH6jOkI44/1xdLcr2aKT JsxyQHwkgBCkdpxOpZiAX6B55HKhPV4r8IY70tQFFtxnphmCm9I hR9gnmWARpJPwEZVdLXLSwZqhouk4H0s9KnpVLK4HKLe9bMVV4vM MntbrtnU4FNHTRRI+XtzOX6aZhfSH9LbbV3rDpmuew3umSWy36jS 2a77De4ZLbL/pXLZcOmZdJ/DTRWSStd1JtjMdGd2f1L0bUe7c4R gP+h8Hys4NYl+vW++dUbAiL71mAHaQP1wKKioaaGKMFUomE5PmEt ypiDdNjECMGVCCA4ofpjNDXAVKIBL4TGt2Y/A45wHFsL7Mf6GJS +QBdCRko3cRbbG0Qr2LuprnDWq2uczVWZMQwsK4iSbwcTVMcG/Ib +qSRUXRrg/lB53UDuD7cvN3yG4mpLbGqOPtB1U6sjT/ZgpoyXPm wYmsn4G9InKBYbyshv6u8DJ6nYNAFvUuCZ+WBaECh9zXbNS9UOjn vbXR2/223vvZxeuEvOY+eJs+F0nafOnnPgHDpHDnQ+OF+cr8631v fWz9avpSl1cWEaPHJqz9Lyb7RLEXA=</latexit><latexit sha1_base64="PPTk n0+wQE8A2SHWdB8hIYJ05Pc=">AAAIT3iclVVdb9MwFM3GR7fxtc EjLxHVpE2aprabBBJCmkATewBpVOxDSrLKcZzEzHFS24EVy/sNv MK/4pFfwhvCacu62I2AVI2u7jn32OfascOCYC46nR8Lizdu3rrdW lpeuXP33v0Hq2sPj3leMoiOYE5ydhoCjgim6EhgQdBpwRDIQoJOw vNXFX7yETGOc/pejAoUZCChOMYQCJ069osUD/Bgtd3Z7owf1w66 06DtTJ/DwVprx49yWGaICkgA5163U4hAAiYwJEit+CVHBYDnIEGe DinIEA/keLrKXdeZyI1zpv9UuOPs9QoJMs5HWaiZGRApN7EqOQ/ zShE/CySmRSkQhZOB4pK4Incr726EGYKCjHQAIMN6ri5MAQNQ6A6 t1IbhIgNsxKKaFZkwoBsGL9TcKc31UK9HdJJcvz5tXgCKebqVoQ sM80CGIERkPucaqNe8MgNoUo4nPCEYZUZH6jOkI44/1xdLcr2aKT JsxyQHwkgBCkdpxOpZiAX6B55HKhPV4r8IY70tQFFtxnphmCm9I hR9gnmWARpJPwEZVdLXLSwZqhouk4H0s9KnpVLK4HKLe9bMVV4vM MntbrtnU4FNHTRRI+XtzOX6aZhfSH9LbbV3rDpmuew3umSWy36jS 2a77De4ZLbL/pXLZcOmZdJ/DTRWSStd1JtjMdGd2f1L0bUe7c4R gP+h8Hys4NYl+vW++dUbAiL71mAHaQP1wKKioaaGKMFUomE5PmEt ypiDdNjECMGVCCA4ofpjNDXAVKIBL4TGt2Y/A45wHFsL7Mf6GJS +QBdCRko3cRbbG0Qr2LuprnDWq2uczVWZMQwsK4iSbwcTVMcG/Ib +qSRUXRrg/lB53UDuD7cvN3yG4mpLbGqOPtB1U6sjT/ZgpoyXPm wYmsn4G9InKBYbyshv6u8DJ6nYNAFvUuCZ+WBaECh9zXbNS9UOjn vbXR2/223vvZxeuEvOY+eJs+F0nafOnnPgHDpHDnQ+OF+cr8631v fWz9avpSl1cWEaPHJqz9Lyb7RLEXA=</latexit><latexit sha1_base64="PPTk n0+wQE8A2SHWdB8hIYJ05Pc=">AAAIT3iclVVdb9MwFM3GR7fxtc EjLxHVpE2aprabBBJCmkATewBpVOxDSrLKcZzEzHFS24EVy/sNv MK/4pFfwhvCacu62I2AVI2u7jn32OfascOCYC46nR8Lizdu3rrdW lpeuXP33v0Hq2sPj3leMoiOYE5ydhoCjgim6EhgQdBpwRDIQoJOw vNXFX7yETGOc/pejAoUZCChOMYQCJ069osUD/Bgtd3Z7owf1w66 06DtTJ/DwVprx49yWGaICkgA5163U4hAAiYwJEit+CVHBYDnIEGe DinIEA/keLrKXdeZyI1zpv9UuOPs9QoJMs5HWaiZGRApN7EqOQ/ zShE/CySmRSkQhZOB4pK4Incr726EGYKCjHQAIMN6ri5MAQNQ6A6 t1IbhIgNsxKKaFZkwoBsGL9TcKc31UK9HdJJcvz5tXgCKebqVoQ sM80CGIERkPucaqNe8MgNoUo4nPCEYZUZH6jOkI44/1xdLcr2aKT JsxyQHwkgBCkdpxOpZiAX6B55HKhPV4r8IY70tQFFtxnphmCm9I hR9gnmWARpJPwEZVdLXLSwZqhouk4H0s9KnpVLK4HKLe9bMVV4vM MntbrtnU4FNHTRRI+XtzOX6aZhfSH9LbbV3rDpmuew3umSWy36jS 2a77De4ZLbL/pXLZcOmZdJ/DTRWSStd1JtjMdGd2f1L0bUe7c4R gP+h8Hys4NYl+vW++dUbAiL71mAHaQP1wKKioaaGKMFUomE5PmEt ypiDdNjECMGVCCA4ofpjNDXAVKIBL4TGt2Y/A45wHFsL7Mf6GJS +QBdCRko3cRbbG0Qr2LuprnDWq2uczVWZMQwsK4iSbwcTVMcG/Ib +qSRUXRrg/lB53UDuD7cvN3yG4mpLbGqOPtB1U6sjT/ZgpoyXPm wYmsn4G9InKBYbyshv6u8DJ6nYNAFvUuCZ+WBaECh9zXbNS9UOjn vbXR2/223vvZxeuEvOY+eJs+F0nafOnnPgHDpHDnQ+OF+cr8631v fWz9avpSl1cWEaPHJqz9Lyb7RLEXA=</latexit><latexit sha1_base64="PPTk n0+wQE8A2SHWdB8hIYJ05Pc=">AAAIT3iclVVdb9MwFM3GR7fxtc EjLxHVpE2aprabBBJCmkATewBpVOxDSrLKcZzEzHFS24EVy/sNv MK/4pFfwhvCacu62I2AVI2u7jn32OfascOCYC46nR8Lizdu3rrdW lpeuXP33v0Hq2sPj3leMoiOYE5ydhoCjgim6EhgQdBpwRDIQoJOw vNXFX7yETGOc/pejAoUZCChOMYQCJ069osUD/Bgtd3Z7owf1w66 06DtTJ/DwVprx49yWGaICkgA5163U4hAAiYwJEit+CVHBYDnIEGe DinIEA/keLrKXdeZyI1zpv9UuOPs9QoJMs5HWaiZGRApN7EqOQ/ zShE/CySmRSkQhZOB4pK4Incr726EGYKCjHQAIMN6ri5MAQNQ6A6 t1IbhIgNsxKKaFZkwoBsGL9TcKc31UK9HdJJcvz5tXgCKebqVoQ sM80CGIERkPucaqNe8MgNoUo4nPCEYZUZH6jOkI44/1xdLcr2aKT JsxyQHwkgBCkdpxOpZiAX6B55HKhPV4r8IY70tQFFtxnphmCm9I hR9gnmWARpJPwEZVdLXLSwZqhouk4H0s9KnpVLK4HKLe9bMVV4vM MntbrtnU4FNHTRRI+XtzOX6aZhfSH9LbbV3rDpmuew3umSWy36jS 2a77De4ZLbL/pXLZcOmZdJ/DTRWSStd1JtjMdGd2f1L0bUe7c4R gP+h8Hys4NYl+vW++dUbAiL71mAHaQP1wKKioaaGKMFUomE5PmEt ypiDdNjECMGVCCA4ofpjNDXAVKIBL4TGt2Y/A45wHFsL7Mf6GJS +QBdCRko3cRbbG0Qr2LuprnDWq2uczVWZMQwsK4iSbwcTVMcG/Ib +qSRUXRrg/lB53UDuD7cvN3yG4mpLbGqOPtB1U6sjT/ZgpoyXPm wYmsn4G9InKBYbyshv6u8DJ6nYNAFvUuCZ+WBaECh9zXbNS9UOjn vbXR2/223vvZxeuEvOY+eJs+F0nafOnnPgHDpHDnQ+OF+cr8631v fWz9avpSl1cWEaPHJqz9Lyb7RLEXA=</latexit>
 e
<latexit sha1_base64="Si9umocIN9K0LQ7ZJgeBet+poGU="> AAAIT3iclVVdb9MwFM3GR7fxtcEjLxHVpE2aprabBBJCmkATewBpVOxDSrLKcZzEzHFS24EVy/sNvMK/4pFfwhvCacu62I2AVI2u7jn 32OfascOCYC46nR8Lizdu3rrdWlpeuXP33v0Hq2sPj3leMoiOYE5ydhoCjgim6EhgQdBpwRDIQoJOwvNXFX7yETGOc/pejAoUZCChOM YQCJ069osUD9Bgtd3Z7owf1w6606DtTJ/DwVprx49yWGaICkgA5163U4hAAiYwJEit+CVHBYDnIEGeDinIEA/keLrKXdeZyI1zpv9Uu OPs9QoJMs5HWaiZGRApN7EqOQ/zShE/CySmRSkQhZOB4pK4Incr726EGYKCjHQAIMN6ri5MAQNQ6A6t1IbhIgNsxKKaFZkwoBsGL9TcK c31UK9HdJJcvz5tXgCKebqVoQsM80CGIERkPucaqNe8MgNoUo4nPCEYZUZH6jOkI44/1xdLcr2aKTJsxyQHwkgBCkdpxOpZiAX6B55H KhPV4r8IY70tQFFtxnphmCm9IhR9gnmWARpJPwEZVdLXLSwZqhouk4H0s9KnpVLK4HKLe9bMVV4vMMntbrtnU4FNHTRRI+XtzOX6aZh fSH9LbbV3rDpmuew3umSWy36jS2a77De4ZLbL/pXLZcOmZdJ/DTRWSStd1JtjMdGd2f1L0bUe7c4RgP+h8Hys4NYl+vW++dUbAiL71m AHaQP1wKKioaaGKMFUomE5PmEtypiDdNjECMGVCCA4ofpjNDXAVKIBL4TGt2Y/A45wHFsL7Mf6GJS+QBdCRko3cRbbG0Qr2LuprnDWq 2uczVWZMQwsK4iSbwcTVMcG/Ib+qSRUXRrg/lB53UDuD7cvN3yG4mpLbGqOPtB1U6sjT/ZgpoyXPmwYmsn4G9InKBYbyshv6u8DJ6nY NAFvUuCZ+WBaECh9zXbNS9UOjnvbXR2/223vvZxeuEvOY+eJs+F0nafOnnPgHDpHDnQ+OF+cr8631vfWz9avpSl1cWEaPHJqz9Lyb5S zEWw=</latexit><latexit sha1_base64="Si9umocIN9K0LQ7ZJgeBet+poGU="> AAAIT3iclVVdb9MwFM3GR7fxtcEjLxHVpE2aprabBBJCmkATewBpVOxDSrLKcZzEzHFS24EVy/sNvMK/4pFfwhvCacu62I2AVI2u7jn 32OfascOCYC46nR8Lizdu3rrdWlpeuXP33v0Hq2sPj3leMoiOYE5ydhoCjgim6EhgQdBpwRDIQoJOwvNXFX7yETGOc/pejAoUZCChOM YQCJ069osUD9Bgtd3Z7owf1w6606DtTJ/DwVprx49yWGaICkgA5163U4hAAiYwJEit+CVHBYDnIEGeDinIEA/keLrKXdeZyI1zpv9Uu OPs9QoJMs5HWaiZGRApN7EqOQ/zShE/CySmRSkQhZOB4pK4Incr726EGYKCjHQAIMN6ri5MAQNQ6A6t1IbhIgNsxKKaFZkwoBsGL9TcK c31UK9HdJJcvz5tXgCKebqVoQsM80CGIERkPucaqNe8MgNoUo4nPCEYZUZH6jOkI44/1xdLcr2aKTJsxyQHwkgBCkdpxOpZiAX6B55H KhPV4r8IY70tQFFtxnphmCm9IhR9gnmWARpJPwEZVdLXLSwZqhouk4H0s9KnpVLK4HKLe9bMVV4vMMntbrtnU4FNHTRRI+XtzOX6aZh fSH9LbbV3rDpmuew3umSWy36jS2a77De4ZLbL/pXLZcOmZdJ/DTRWSStd1JtjMdGd2f1L0bUe7c4RgP+h8Hys4NYl+vW++dUbAiL71m AHaQP1wKKioaaGKMFUomE5PmEtypiDdNjECMGVCCA4ofpjNDXAVKIBL4TGt2Y/A45wHFsL7Mf6GJS+QBdCRko3cRbbG0Qr2LuprnDWq 2uczVWZMQwsK4iSbwcTVMcG/Ib+qSRUXRrg/lB53UDuD7cvN3yG4mpLbGqOPtB1U6sjT/ZgpoyXPmwYmsn4G9InKBYbyshv6u8DJ6nY NAFvUuCZ+WBaECh9zXbNS9UOjnvbXR2/223vvZxeuEvOY+eJs+F0nafOnnPgHDpHDnQ+OF+cr8631vfWz9avpSl1cWEaPHJqz9Lyb5S zEWw=</latexit><latexit sha1_base64="Si9umocIN9K0LQ7ZJgeBet+poGU="> AAAIT3iclVVdb9MwFM3GR7fxtcEjLxHVpE2aprabBBJCmkATewBpVOxDSrLKcZzEzHFS24EVy/sNvMK/4pFfwhvCacu62I2AVI2u7jn 32OfascOCYC46nR8Lizdu3rrdWlpeuXP33v0Hq2sPj3leMoiOYE5ydhoCjgim6EhgQdBpwRDIQoJOwvNXFX7yETGOc/pejAoUZCChOM YQCJ069osUD9Bgtd3Z7owf1w6606DtTJ/DwVprx49yWGaICkgA5163U4hAAiYwJEit+CVHBYDnIEGeDinIEA/keLrKXdeZyI1zpv9Uu OPs9QoJMs5HWaiZGRApN7EqOQ/zShE/CySmRSkQhZOB4pK4Incr726EGYKCjHQAIMN6ri5MAQNQ6A6t1IbhIgNsxKKaFZkwoBsGL9TcK c31UK9HdJJcvz5tXgCKebqVoQsM80CGIERkPucaqNe8MgNoUo4nPCEYZUZH6jOkI44/1xdLcr2aKTJsxyQHwkgBCkdpxOpZiAX6B55H KhPV4r8IY70tQFFtxnphmCm9IhR9gnmWARpJPwEZVdLXLSwZqhouk4H0s9KnpVLK4HKLe9bMVV4vMMntbrtnU4FNHTRRI+XtzOX6aZh fSH9LbbV3rDpmuew3umSWy36jS2a77De4ZLbL/pXLZcOmZdJ/DTRWSStd1JtjMdGd2f1L0bUe7c4RgP+h8Hys4NYl+vW++dUbAiL71m AHaQP1wKKioaaGKMFUomE5PmEtypiDdNjECMGVCCA4ofpjNDXAVKIBL4TGt2Y/A45wHFsL7Mf6GJS+QBdCRko3cRbbG0Qr2LuprnDWq 2uczVWZMQwsK4iSbwcTVMcG/Ib+qSRUXRrg/lB53UDuD7cvN3yG4mpLbGqOPtB1U6sjT/ZgpoyXPmwYmsn4G9InKBYbyshv6u8DJ6nY NAFvUuCZ+WBaECh9zXbNS9UOjnvbXR2/223vvZxeuEvOY+eJs+F0nafOnnPgHDpHDnQ+OF+cr8631vfWz9avpSl1cWEaPHJqz9Lyb5S zEWw=</latexit><latexit sha1_base64="Si9umocIN9K0LQ7ZJgeBet+poGU="> AAAIT3iclVVdb9MwFM3GR7fxtcEjLxHVpE2aprabBBJCmkATewBpVOxDSrLKcZzEzHFS24EVy/sNvMK/4pFfwhvCacu62I2AVI2u7jn 32OfascOCYC46nR8Lizdu3rrdWlpeuXP33v0Hq2sPj3leMoiOYE5ydhoCjgim6EhgQdBpwRDIQoJOwvNXFX7yETGOc/pejAoUZCChOM YQCJ069osUD9Bgtd3Z7owf1w6606DtTJ/DwVprx49yWGaICkgA5163U4hAAiYwJEit+CVHBYDnIEGeDinIEA/keLrKXdeZyI1zpv9Uu OPs9QoJMs5HWaiZGRApN7EqOQ/zShE/CySmRSkQhZOB4pK4Incr726EGYKCjHQAIMN6ri5MAQNQ6A6t1IbhIgNsxKKaFZkwoBsGL9TcK c31UK9HdJJcvz5tXgCKebqVoQsM80CGIERkPucaqNe8MgNoUo4nPCEYZUZH6jOkI44/1xdLcr2aKTJsxyQHwkgBCkdpxOpZiAX6B55H KhPV4r8IY70tQFFtxnphmCm9IhR9gnmWARpJPwEZVdLXLSwZqhouk4H0s9KnpVLK4HKLe9bMVV4vMMntbrtnU4FNHTRRI+XtzOX6aZh fSH9LbbV3rDpmuew3umSWy36jS2a77De4ZLbL/pXLZcOmZdJ/DTRWSStd1JtjMdGd2f1L0bUe7c4RgP+h8Hys4NYl+vW++dUbAiL71m AHaQP1wKKioaaGKMFUomE5PmEtypiDdNjECMGVCCA4ofpjNDXAVKIBL4TGt2Y/A45wHFsL7Mf6GJS+QBdCRko3cRbbG0Qr2LuprnDWq 2uczVWZMQwsK4iSbwcTVMcG/Ib+qSRUXRrg/lB53UDuD7cvN3yG4mpLbGqOPtB1U6sjT/ZgpoyXPmwYmsn4G9InKBYbyshv6u8DJ6nY NAFvUuCZ+WBaECh9zXbNS9UOjnvbXR2/223vvZxeuEvOY+eJs+F0nafOnnPgHDpHDnQ+OF+cr8631vfWz9avpSl1cWEaPHJqz9Lyb5S zEWw=</latexit>
reheatinginflation
✏H = 1<latexit sha1_base64="1/35pYisbs2HGk372G1X95N5+rY=">AAAIVXiclVVdb9MwFM1 g0G58bINHXiIqpE2aprabBBKaNIEm9gASVOxDirPKcZzEmuNktgMrlvczeIV/hfgxSDht2Ra7FZCq0dU95x77XDt2VFIiZLf7c+HW7cU7d1vtpeV79x88XFlde3QkioojfIgKWvCTCApM CcOHkkiKT0qOYR5RfBydva7x40+YC1Kwj3JU4jCHKSMJQVCaFAC4FIQWbHiw2xuudrpb3fHju0FvGnS86fN+uNbaBnGBqhwziSgUIuh1SxkqyCVBFOtlUAlcQnQGUxyYkMEci1CNJ639Zy YT+0nBzZ9Jf5y9WaFgLsQojwwzhzITNlYnZ2FBJZMXoSKsrCRmaDJQUlFfFn7dAT8mHCNJRyaAiBMzVx9lkEMkTZ+WG8MImUM+4nHDiko5LDOCLvTMKc300KzHbJJ8dnPaooSMiGwzxxc EFaGKYITpbM4N0Kx8bQaytBpPeEKwyqyONGfIRoJ8aS6WEmY1M2zZTmgBpZWCDI2ymDeziEj8D7yA1ibqxd+NErMtYFlvyWZhlGuzIgx/RkWeQxYrkMKcaQVMCyuO64ardKhAXgFWaa0t rnC4p/O5OuiHNrnT6/RdKnSpw3nUWAfbM7kgi4oLBTb1ZmfbqeOOy8Fcl9xxOZjrkrsuB3Ncctfl4MrlkmXTMQneQIPV0toU9WdYTE1ndv5SdKNHOzME0H8ovBwr+E2JQbNvoH4jSNXAGe wgm0M9cKj43FAjnBKm8Hk1PmcdypiDTTiPEcErEUhJyszHaGvAqcQcvJQG37z+WXBMksRZYJCYY1ABiS+kirVp4nXsbhCj4O6mpsJpv6lxOlPlmmFheUm1ejecoCa24LfsTyVl+tIC989 10AvV/vnW5TrgOKm3xIbhmAPdNLU+8lQf5dp6mcOG42sZsK4AxYlc11Z+w3wfJM3khg0Ek4LAzofTglCba7ZnX6pucNTf6pn4w05n79X0wm17T7yn3rrX8557e96B99479JBXel+9b973 1o/Wr/Zi++6EemthWvPYazztld+mfRKz</latexit><latexit sha1_base64="1/35pYisbs2HGk372G1X95N5+rY=">AAAIVXiclVVdb9MwFM1 g0G58bINHXiIqpE2aprabBBKaNIEm9gASVOxDirPKcZzEmuNktgMrlvczeIV/hfgxSDht2Ra7FZCq0dU95x77XDt2VFIiZLf7c+HW7cU7d1vtpeV79x88XFlde3QkioojfIgKWvCTCApM CcOHkkiKT0qOYR5RfBydva7x40+YC1Kwj3JU4jCHKSMJQVCaFAC4FIQWbHiw2xuudrpb3fHju0FvGnS86fN+uNbaBnGBqhwziSgUIuh1SxkqyCVBFOtlUAlcQnQGUxyYkMEci1CNJ639Zy YT+0nBzZ9Jf5y9WaFgLsQojwwzhzITNlYnZ2FBJZMXoSKsrCRmaDJQUlFfFn7dAT8mHCNJRyaAiBMzVx9lkEMkTZ+WG8MImUM+4nHDiko5LDOCLvTMKc300KzHbJJ8dnPaooSMiGwzxxc EFaGKYITpbM4N0Kx8bQaytBpPeEKwyqyONGfIRoJ8aS6WEmY1M2zZTmgBpZWCDI2ymDeziEj8D7yA1ibqxd+NErMtYFlvyWZhlGuzIgx/RkWeQxYrkMKcaQVMCyuO64ardKhAXgFWaa0t rnC4p/O5OuiHNrnT6/RdKnSpw3nUWAfbM7kgi4oLBTb1ZmfbqeOOy8Fcl9xxOZjrkrsuB3Ncctfl4MrlkmXTMQneQIPV0toU9WdYTE1ndv5SdKNHOzME0H8ovBwr+E2JQbNvoH4jSNXAGe wgm0M9cKj43FAjnBKm8Hk1PmcdypiDTTiPEcErEUhJyszHaGvAqcQcvJQG37z+WXBMksRZYJCYY1ABiS+kirVp4nXsbhCj4O6mpsJpv6lxOlPlmmFheUm1ejecoCa24LfsTyVl+tIC989 10AvV/vnW5TrgOKm3xIbhmAPdNLU+8lQf5dp6mcOG42sZsK4AxYlc11Z+w3wfJM3khg0Ek4LAzofTglCba7ZnX6pucNTf6pn4w05n79X0wm17T7yn3rrX8557e96B99479JBXel+9b973 1o/Wr/Zi++6EemthWvPYazztld+mfRKz</latexit><latexit sha1_base64="1/35pYisbs2HGk372G1X95N5+rY=">AAAIVXiclVVdb9MwFM1 g0G58bINHXiIqpE2aprabBBKaNIEm9gASVOxDirPKcZzEmuNktgMrlvczeIV/hfgxSDht2Ra7FZCq0dU95x77XDt2VFIiZLf7c+HW7cU7d1vtpeV79x88XFlde3QkioojfIgKWvCTCApM CcOHkkiKT0qOYR5RfBydva7x40+YC1Kwj3JU4jCHKSMJQVCaFAC4FIQWbHiw2xuudrpb3fHju0FvGnS86fN+uNbaBnGBqhwziSgUIuh1SxkqyCVBFOtlUAlcQnQGUxyYkMEci1CNJ639Zy YT+0nBzZ9Jf5y9WaFgLsQojwwzhzITNlYnZ2FBJZMXoSKsrCRmaDJQUlFfFn7dAT8mHCNJRyaAiBMzVx9lkEMkTZ+WG8MImUM+4nHDiko5LDOCLvTMKc300KzHbJJ8dnPaooSMiGwzxxc EFaGKYITpbM4N0Kx8bQaytBpPeEKwyqyONGfIRoJ8aS6WEmY1M2zZTmgBpZWCDI2ymDeziEj8D7yA1ibqxd+NErMtYFlvyWZhlGuzIgx/RkWeQxYrkMKcaQVMCyuO64ardKhAXgFWaa0t rnC4p/O5OuiHNrnT6/RdKnSpw3nUWAfbM7kgi4oLBTb1ZmfbqeOOy8Fcl9xxOZjrkrsuB3Ncctfl4MrlkmXTMQneQIPV0toU9WdYTE1ndv5SdKNHOzME0H8ovBwr+E2JQbNvoH4jSNXAGe wgm0M9cKj43FAjnBKm8Hk1PmcdypiDTTiPEcErEUhJyszHaGvAqcQcvJQG37z+WXBMksRZYJCYY1ABiS+kirVp4nXsbhCj4O6mpsJpv6lxOlPlmmFheUm1ejecoCa24LfsTyVl+tIC989 10AvV/vnW5TrgOKm3xIbhmAPdNLU+8lQf5dp6mcOG42sZsK4AxYlc11Z+w3wfJM3khg0Ek4LAzofTglCba7ZnX6pucNTf6pn4w05n79X0wm17T7yn3rrX8557e96B99479JBXel+9b973 1o/Wr/Zi++6EemthWvPYazztld+mfRKz</latexit><latexit sha1_base64="1/35pYisbs2HGk372G1X95N5+rY=">AAAIVXiclVVdb9MwFM1 g0G58bINHXiIqpE2aprabBBKaNIEm9gASVOxDirPKcZzEmuNktgMrlvczeIV/hfgxSDht2Ra7FZCq0dU95x77XDt2VFIiZLf7c+HW7cU7d1vtpeV79x88XFlde3QkioojfIgKWvCTCApM CcOHkkiKT0qOYR5RfBydva7x40+YC1Kwj3JU4jCHKSMJQVCaFAC4FIQWbHiw2xuudrpb3fHju0FvGnS86fN+uNbaBnGBqhwziSgUIuh1SxkqyCVBFOtlUAlcQnQGUxyYkMEci1CNJ639Zy YT+0nBzZ9Jf5y9WaFgLsQojwwzhzITNlYnZ2FBJZMXoSKsrCRmaDJQUlFfFn7dAT8mHCNJRyaAiBMzVx9lkEMkTZ+WG8MImUM+4nHDiko5LDOCLvTMKc300KzHbJJ8dnPaooSMiGwzxxc EFaGKYITpbM4N0Kx8bQaytBpPeEKwyqyONGfIRoJ8aS6WEmY1M2zZTmgBpZWCDI2ymDeziEj8D7yA1ibqxd+NErMtYFlvyWZhlGuzIgx/RkWeQxYrkMKcaQVMCyuO64ardKhAXgFWaa0t rnC4p/O5OuiHNrnT6/RdKnSpw3nUWAfbM7kgi4oLBTb1ZmfbqeOOy8Fcl9xxOZjrkrsuB3Ncctfl4MrlkmXTMQneQIPV0toU9WdYTE1ndv5SdKNHOzME0H8ovBwr+E2JQbNvoH4jSNXAGe wgm0M9cKj43FAjnBKm8Hk1PmcdypiDTTiPEcErEUhJyszHaGvAqcQcvJQG37z+WXBMksRZYJCYY1ABiS+kirVp4nXsbhCj4O6mpsJpv6lxOlPlmmFheUm1ejecoCa24LfsTyVl+tIC989 10AvV/vnW5TrgOKm3xIbhmAPdNLU+8lQf5dp6mcOG42sZsK4AxYlc11Z+w3wfJM3khg0Ek4LAzofTglCba7ZnX6pucNTf6pn4w05n79X0wm17T7yn3rrX8557e96B99479JBXel+9b973 1o/Wr/Zi++6EemthWvPYazztld+mfRKz</latexit>
 ˙
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Figure 2.3: Evolution of the inflaton. The inflaton rolls down the potential, inflating
the Universe. Once it acquires a large velocity, the slow-roll conditions break and inflation
finishes. Afterwards, the inflaton oscillates around the potential’s minimum and reheats
the Universe. Note that, in general, φi > φe, so the field decreases towards the right in
this sketch.
2.2.2 Slow-roll approximation
The conditions obtained in §2.2.1 allow us to simplify the Einstein equa-
tions for the inflaton, Eqs. (2.16)-(2.18). In particular,
φ˙ ' −V
′(φ)
3H , (2.25)
H2 ' 13V (φ) , (2.26)
which is the so-called slow-roll approximation (SR).3 Notice that the second
equation also implies that H2 is approximately constant as expected. Also,
from Eqs. (2.25)-(2.26), one can see that the conditions for inflation in terms
of the field velocity can be once more recast as conditions for the shape of the
potential V (φ). This allows us to define the potential slow-roll parameters
3Along this thesis, ‘SR’ shall refer to the (slow-roll) approximation only, which helps to
differentiate it from other approximations discussed in §5.
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Figure 2.4: Evolution for the field φ and the first slow-roll parameters H for the
model given in Eq. (2.38) with αc = 1, by solving the background equations (2.16)-(2.18)
numerically. The plot is normalized such as the end of inflation H = 1 coincides with
N = 55 (gray vertical dashed line).
as
V ≡ 12
(
V ′(φ)
V (φ)
)2
, ηV ≡ V
′′(φ)
V (φ) , (2.27)
which are related to the Hubble slow-roll parameters as H ' V and ηH '
ηV − V , respectively, as long as the SR approximation (Eqs. (2.25)-(2.26))
holds. They are also subject to the slow-roll conditions, i.e. inflation finishes
when V , ηV ∼ 1.
2.2.3 Reheating
After inflation has finished, the inflaton rolls to the global minimum of
the potential where it oscillates. There will be energy losses due to oscilla-
tions, corresponding to the decay of individual φ-particles. The equation of
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motion of φ then becomes
φ¨+ 3Hφ˙+ Γφ˙+ V ′(φ) = 0 , (2.28)
after having expanded the potential around the minimum value and where
Γ is the decay rate of φ, which acts as an additional friction term and
depends on how the inflaton couples to the Standard Model particles. One
important feature is that reheating occurs at t ∼ H−1 ∼ Γ−1, i.e. the
reheating temperature is given by Treh ∼
√
MPlΓ.
As we shall discuss, an important and surprising feature of inflation is
that the primordial perturbations freeze after inflation has finished, i.e. their
subsequent evolution is not affected by the physics of reheating (see Refs. [15,
17,77–79] for more details on the reheating processes in the early universe).
2.2.4 Duration of inflation
As the expansion is exponentially accelerated, the duration of inflation
is parametrized by means of the number of efolds ∆N ≡ ln (aend/ainitial).
Therefore, the number of efolds elapsed from a particular epoch to the end
of inflation is given by
N =
∫ tend
t
Hdt′ ,
'
∫ φ
φend
V (φ′)
V ′(φ′)dφ
′ =
∫ φ
φend
dφ′√
2V
,
(2.29)
where in the second line we assumed the SR approximation, and thus we
can approximate the duration of inflation by means of the field excursion
∆φ.
The precise value of N , needed to solve the horizon and flatness prob-
lems, depends then on the energy scale of inflation and also on the physics
of reheating. The latter in fact provides the following relation [14,79]:
N = 56− 23 ln
1016 GeV
ρ
1/4
∗
− 13 ln
109 GeV
Treh
, (2.30)
where ρ∗ is the energy density at the end of inflation. Thus, we can esti-
mate N for some well-motivated values of Treh. In particular, to solve the
aforementioned problems, it is found that ∆N ≥ 60 [14, 79]. Furthermore,
CMB scales should have exited the horizon around 55 efolds before inflation
ended (see references in §2.2.3):
NCMB =
∫ φCMB
φend
dφ√
2H
' 55 . (2.31)
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Before moving on, a comment is in order. Introducing units back, the
first slow-roll condition tells us that |V ′(φ)/V (φ)|  √2/MPl, for which
N  (φ−φend)/
√
2MPl in Eq. (2.29). This means that we will get a sufficient
amount of inflation as long as the excursion ∆φ changes at least as large
as
√
2MPl. These super-Planckian values (encountered in many inflationary
models as the one used in Fig. 2.4) do not represent a breakdown of the
classical theory. In fact, the condition for neglecting quantum gravitational
effects is that the field energy density is much smaller than the Planck energy
density: |V (φ)|  2M2Pl [16, 55]. This condition can be simply satisfied by
supposing that V (φ) is proportional to a small coupling constant which, in
turn, does not affect the slow-roll conditions nor the value of N .
2.3 Models of inflation
So far we have not made any prediction but just found that, under the
assumption that there exists a single field minimally coupled to Einstein’s
gravity, the conditions for inflation require that the potential energy domi-
nates over the kinetic one. Then, in order to exploit the theory, we need to
choose a particular function for V (φ) and solve the background equations.
Their computation is often performed analytically given the simplifications
one can do using the SR approximation. However, there exist numerous
potentials proposed in the literature which break per se the slow-roll con-
ditions and hence the background equations must be solved numerically.
In the following we discuss the usual approximations to choose a model in
which we include noncanonical models, which are a central part of this the-
sis. We do not attempt to give a full list of models but only a taste of the
most popular and phenomenologically well-behaved ones. For a well-known
and exhaustive classification see Ref. [80].
Single-field canonical models
A general and historical classification of single-field models relies on
whether the field in a particular model takes super- or sub-Planckian values.
The former class is dubbed large-field inflation whereas small-field inflation
the latter. The requirement of the flatness of the potential V (φ) is the same
for both and therefore we do not discuss their further conceptual differences
but the interested reader is referred to Refs. [55,79].
Chaotic inflation
Unarguably, the simplest model is given by the potential energy V (φ) =
m2φ2/2 which belongs to the class of models called chaotic inflation [81],
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generally written as
V (φ) = λpφp . (2.32)
In the next section we shall see that this class of models, in the canonical
framework, are in tension with CMB observations [82], however we will often
use it as a working example given its simplicity. For instance, the potential
slow-roll parameters for this model are simply given by V = ηV = 2/φ2 .
Furthermore, the end of inflation— V = 1 —sets the final value for the field
as φe =
√
2MPl, where we recovered the units for illustration. Then the field
value at which CMB fluctuations must have been created can be computed
by solving Eq. (2.31). This gives us φCMB = 2
√
NCMB − 1/2 ' 15MPl for
NCMB ' 55. Notice that this model takes super-Planckian values, i.e. ∆φ >
MPl; models with this characteristic produce in general a large amplitud of
primordial tensor modes and thus they are in tension with observations [82].
Small-field inflation
A model of inflation with super-Planckian values might be subject to
quantum effects which affect the evolution of φ in a way we currently
do not know. Therefore, models with short excursions ∆φ are attractive.
Among the most popular ones, Hiltop inflation—similar to that sketched in
Fig. 2.3—given by the potential [83]
V (φ) = V0
[
1−
(
φ
µ
)p]
, (2.33)
is able to fit observations for p = 4 [82].
High-energy physics models
Other class of models are inspired from high-energy theories. Histori-
cally, from GUT, the Coleman-Weinberg potential [69,70]
V (φ) = V0

(
φ
µ
)4 [
ln
(
φ
µ
)
− 14
]
+ 14
 , (2.34)
was used when inflation was first being studied. However, calculations of
the primordial perturbations were incompatible with the phenomenological
values of V0 and µ coming from particle physics. The same problem arises
from the widely studied Higgs potential [81,84].
Along of the lines of GUT theories, supersymmetric realizations provide
the potential
V (φ) = Λ4 [1 + αhlog (φ/MPl)] , (2.35)
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where αh > 0. In this scenario, inflation is driven by loop corrections in
spontaneously broken supersymmetric (SB SUSY) GUT theories [85].
Another widely studied model comes from axion physics, called natural
inflation [86–89], and is given by a periodic potential of the form
V (φ) = V0
[
cos
(
φ
f
)
+ 1
]
. (2.36)
However, this model is becoming disfavored by the latest measurements [82].
From string theory, brane inflation—driven by a D-brane—is character-
ized by the effective potential
V (φ) = M2M2pl
[
1−
(
µ
φ
)p
+ · · ·
]
, (2.37)
where p and µ are positive constants. In general, one assumes that inflation
ends around φ ∼ µ, before the additional terms denoted by the ellipsis
contribute to the potential. The models arising from the setup of D-brane
and anti D-brane configuration have the power p = 2 [90] or p = 4 [91, 92].
More recently, from supergravity theories, the α-attractors with the po-
tential energy [82,93,94]
V (φ) = 34αcM
2M2Pl
[
1− exp
(
−
√
2
3αc
φ
MPl
)]2
, (2.38)
have been used mainly due to their flexibility to fit observational predic-
tions, depending on the value of αc (which, interestingly, coincides with
Starobinsky inflation, Eq. (2.41), in the limit αc = 1 and with the φ2 model
of chaotic inflation in the limit αc →∞).
Multifield models
It would be very natural that different species of particles were present
during inflation. They may have not played any role in the evolution of the
Universe, but any interaction between the inflaton field and other particles
will inevitably lead to new phenomenology and to different mechanisms for
the production of perturbations. The study of multifield inflation deserves
a thesis of its own, but the interested reader is encouraged to look at the
comprehensive review by D. Wands [95] or in [17,79].
Noncanonical models
Here we consider cases in which we do not only choose a potential energy
V (φ) but also modify either the kinetic energy of the field, the gravitational
interaction, or both.
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k-inflation
Instead of taking Lφ = 12gµνφ,µφ,ν−V (φ), one can consider more general
kinetic terms proportional to φ and its velocity φ˙ as
Lφ = K(φ,X)− V (φ) , (2.39)
where X ≡ 12gµνφ,µφ,ν . These kind of models are called k-inflation and it
can be shown that inflation can indeed be driven by the kinetic term and
take place even for a steep potential [96,97].
Nonminimal couplings
Equation (2.11) assumes a minimal coupling between φ and R, how-
ever, a term like ξφR, where ξ is a coupling constant, is also allowed and
introduces new phenomenology for different values of the coupling. In this
configuration, simple potentials can be reconciled with observations for a
range of values of ξ. Furthermore, it can be shown that the theory can
be recast as one with a minimal coupling with an effective potential if one
performs a conformal transformation of the metric as [2, 84,98–108]
gµν → Ω2(φ)gµν . (2.40)
Scalar-tensor theories
The two approaches described above can be extended to general theo-
ries of modified gravity. In general, any modification of GR will introduce
new degrees of freedom, from which a scalar field can be identified as the
inflaton. Currently, the most general scalar-tensor theories are the so-called
Horndeski [109–112] and beyond Horndeski [113–120] theories of gravity.
These are fully characterized by a few functions, Gi(φ,X), coupled to the
Ricci and Einstein tensors and to derivatives of the field. Therefore, any
choice of these functions will inevitably introduce new phenomenology to
the inflationary evolution.
Historically, the first successful model of inflation was due to Starobin-
sky [121]. He realized that an early exponential acceleration comes as a
solution of the Einstein equations with quantum corrections, due to the
conformal anomaly of free scalar fields interacting with the classical gravita-
tional background.4 This conformal anomaly contributes with higher-order
4In the classical theory, a conformally-invariant free scalar field (m = 0), i.e. respecting
the symmetry given in Eq. (2.40), satisfies Tµµ = 0. However, the quantum expecta-
tion value 〈0|Tµµ|0〉 differs from 0, contributing with linear combinations of the scalar
curvature R. This is called in the literature a conformal (or trace) anomaly (see, e.g.,
Ref. [122] for details).
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terms, in the scalar curvature R, to the Einstein-Hilbert action. The action
then reads
S =
∫
d4x
√−gMPl2
(
R + R
2
6M2
)
, (2.41)
where, in the absence of a quantum-gravity description of the theory, M
is a phenomenological parameter with dimensions of mass. This model be-
longs to the class of theories called f(R), where suitable functions of R can
be written. Furthermore, these classes allow the same conformal transfor-
mation, Eq. (2.40), as the nonminimal-coupling models and, in particular,
Eq. (2.41) can be recast as a canonical action of a scalar field with the po-
tential given in Eq. (2.38) (with αc = 1), i.e. the Starobinsky model is a
limit case of the α-attractors [123–126].
The first models of inflation in the framework of general Horndeski-like
theories were called G-inflation and have been studied for very different
potentials. In particular, one can show that simple potentials as those of
chaotic inflation can be reconciled with observations for simple choices of
Gi(φ,X) [4, 127–130].
The study of this class of theories for inflation is one of the main goals
of this thesis. Consequently, they are fully discussed in §4.
2.4 The theory of primordial quantum fluc-
tuations
We have thus far discussed the classical physics of the inflationary the-
ory: a mechanism able to drive the expansion of the early universe in an
accelerated way, solving the horizon and flatness problems. Furthermore,
we showed that a scalar field, evolving slowly compared to the expansion
rate, satisfies the requirements for the inflationary mechanism.
Yet we are halfway into the story inflation has to tell. As already stated,
inflation is also able to provide with the initial conditions for the hot big
bang model, i.e. with the primordial density perturbations that led to the
CMB anisotropies and the large scale structure. The origin of these lies
on the vacuum fluctuations of the inflaton field itself, which is subject to
quantum effects.
The inflaton fluctuations backreact on the spacetime geometry, leading
to metric perturbations. The full set of quantum perturbations then get
stretched to cosmological scales due to the accelerated expansion. As we
shall see, these fluctuations in the inflaton field lead to time differences in
the evolution of different patches of the Universe, i.e. inflation finishes at
different times in different places across space. Each of these patches will
then evolve as independent causally-disconnected universes, each one with
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different energy density, and it is once these patches come back inside the
horizon, during recent times, when they become causally-connected again.
In Appendix A we review the Cosmological Perturbation Theory, useful
for this chapter. There we compute the primordial curvature perturbation
which power spectrum is related to current CMB measurements. One im-
portant feature of this perturbation is that it freezes when it comes out
the horizon during inflation. Consequently, its evolution is not modified by
reheating processes and, in this way, we can connect the physics at the end
of inflation with the density perturbations during the latter epochs, includ-
ing the CMB anisotropies. We shall study the statistical properties of the
primordial curvature and tensor perturbations that inflation creates and, in
the next section, compare them to current observations.
We will start by finding the second-order action for scalar and tensor
perturbations. Then we will quantize the field perturbations and find their
equations of motion. Their solutions are not trivial in general so we will
explain different approaches to solve them. Finally we shall give the exact
formula for the power spectra of these primordial perturbations.
2.4.1 Scalar and tensor perturbations
To compute the second-order action for perturbations, we first adopt the
Arnowitt-Deser-Misner (ADM) formalism which allows us to split the metric
in such a useful way that the constraint equations clearly manifest [131].
The line element, following this splitting, then reads
ds2 = −N2dt2 + gij
(
dxi +N idt
) (
dxj +N jdt
)
, (2.42)
where gij is the three-dimensional metric on slices of constant t, N(xi) is
called the lapse function and Ni(xi) is called the shift function. As we shall
see, both N and Ni are Lagrange multipliers and, furthermore, they contain
the same information as the metric perturbations Φ and B introduced in
Appendix A.
By inserting Eq. (2.42) into Eq. (2.11), the action becomes
S = 12
∫
d4x
√−g
[
N (3)R− 2NV +N−1
(
EijE
ij − E2
)
+N−1
(
φ˙−N iφ,i
)2 −Ngijφ,iφ,j − 2V ] , (2.43)
where (3)R is the three-dimensional curvature and
Eij ≡ 12 (g˙ij −Ni;j −Nj;i) , E = E
i
i = gijEij . (2.44)
One can see that neither N nor Ni have temporal derivatives and therefore
they are subject to dynamical constraints (the only dynamical variables are
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then φ and gij). Consequently, by varying the action (2.43) with respect to
N and N i, we get the following constraint equations
(3)R− 2V − gijφ,iφ,j −N−2
[
EijE
ij − E2 +
(
φ˙−N iφ,i
)2]
= 0 , (2.45)
[
N−1
(
Eij − Eδij
)]
;i
= 0 . (2.46)
Now that the splitting, i.e. the foliation of the spacetime is evident, we
introduce the metric and inflaton perturbations defined in Appendix A. For
this, it is customary to choose the comoving gauge to fix time and spatial
reparametrizations.5 In this gauge, the inflaton perturbation δφ and E
vanish, and thus we adopt a coordinate system which moves with the cosmic
fluid; furthermore, most of the energy density is driven by the inflaton field
during inflation, i.e. δρ ∼ δφ. A consequence of this is that the curvature
perturbation on density hypersurfaces, ζφ, and the spatial curvature Ψ relate
as ζφ ' −Ψ (see Eq. (A.50)) and, therefore, the perturbed spatial metric
gij in the comoving gauge reads as (see Eq. (A.10))6
gij = a2 [(1 + 2ζ) δij + hij] , (2.47)
where we assumed that the vector perturbation Fi is subdominant. Also,
hij is the only tensor perturbation and obeys the equation of a gravitational
wave (see Eq. (A.55)), i.e. the generation of a background of primordial ten-
sor modes hij is equivalent to the generation of a background of primordial
gravitational waves (primordial GW). This waves could polarize the CMB,
as discussed in §1.1.5.
We then expand the lapse and shift into background and perturbed
quantities. Furthermore, the shift admits a helicity decomposition (see Ap-
pendix A for details) in such a way that we can write N and N i as
N = N +N(1) , Ni = Ni + χ(1),i + ωi(1) , (2.48)
to first order in perturbations.
Plugging Eqs. (2.48) into the constraint equations (2.45)-(2.46) we find
to zero order the Friedmann equation (2.17), which means that it is a con-
straint equation and not an equation of motion. On the other hand, to first
order in perturbations, we find that [133]
N(1) =
ζ˙
H
, and χ(1) = − ζ
H
+ a2 φ˙
2
2H2∂
−2ζ˙ , (2.49)
5See, e.g., Refs. [15, 60,132] for relations in this and other gauges.
6We drop the subscript ‘φ’ as the distinction between ζ and ζφ is not further neccesary.
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where ∂−2 is defined through the relation ∂−2 (∂2φ) = φ.
Finally, by expanding the action Eq. (2.43) to first order in scalar per-
turbations and substituting Eqs. (2.49) into it, we arrive to the quadratic
action for scalar perturbations7
S(2)ζ =
1
2
∫
d4xa3 φ˙
H2
[
ζ˙2 − a−2 (∂ζ)2
]
. (2.50)
For tensor perturbations, the computation of the quadratic action is
much simpler, given that we only have hij. The tensor perturbation can be
decomposed into its polarization states as
hij = γ+e+ij + γ×e×ij , (2.51)
and thus we only study the evolution of the scalar components γ+ and γ×.
The quadratic action for tensor perturbations then reads as
S(2)γ =
∑
λ=+,×
1
8
∫
d4xa3
[
γ˙2λ − a−2(∂γλ)2
]
, (2.52)
where the sum is over the two polarization states.
2.4.2 Quantization
We define the scalar and tensor Mukhanov variables, us ≡ zsζ and ut ≡
ztγ with
z2s ≡ a2
φ˙2
H2
= 2a2H , z2t ≡
a2
2 . (2.53)
In terms of these variables, the quadratic actions become
S(2)p =
1
2
∫
dτd3x
[
(u′p)2 − (∂up)2 +
z′′p
zp
u2p
]
, (2.54)
where p = s, t stands for either scalars or tensors. Also, we changed to
conformal time and, therefore, from now on primes refer to derivatives with
respect to τ , unless otherwise stated.
In order to quantize the field up, we define its Fourier expansion as
u(τ, xi) =
∫ d3k
(2pi)3uki(τ)e
ikix
i
, (2.55)
7This equation is popularly identified with the ‘(2)’ superscript and called ‘quadratic’,
although it is composed with first-order perturbations identified in this thesis with the
‘(1)’ subscript.
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where we omit here the subscript ‘p’ in both u(τ, xi) and uki(τ) to simplify
the notation. By varying the quadratic action Eq. (2.54) with respect to up
one obtains the Mukhanov-Sasaki equation in Fourier space as
u′′p +
(
k2 − z
′′
p
zp
)
up = 0 , (2.56)
where here up = uk(τ), from Eq. (2.55), after removing the vector subscript
i for the wavenumbers k, given that equation (2.56) depends only on their
magnitude.
To specify the solutions of the evolution equation (2.56) we first need to
promote up to a quantum operator in the standard way as
uˆ =
∫ dk3i
(2pi)3
[
uk(τ)aˆkieikix
i + u∗k(τ)aˆ
†
ki
e−ikix
i
]
, (2.57)
where the creation and annihilation operators satisfy the usual commutation
relation [
aˆki , aˆ
†
k′i
]
= (2pi)3δ (ki − k′i) , (2.58)
only if the following normalization condition of uk and its conjugate mo-
menta pi = u′k is satisfied:
u′ku
∗
k − uku′∗k = i . (2.59)
Secondly, we need to choose a vacuum state. In the far past, i.e. for
τ → −∞ (or, equivalently k  aH), Eq. (2.56) becomes
u′′p + k2up = 0 , (2.60)
which is the equation of a (quantum) simple harmonic oscillator with time-
independent frequency. It can thus be shown that the requirement of the
vacuum state to be the state with minimum energy implies that [15]
up (τ → −∞) = 1√2ke
−ikτ , (2.61)
which defines a unique physical vacuum—the Bunch-Davies vacuum—and,
along with Eq. (2.59), completely fixes the mode functions.
2.4.3 Solutions to the Mukhanov-Sasaki equation
The Mukhanov-Sasaki equation (2.56) is not simple to solve in general,
as it depends on the specific inflationary background, encoded in zp. For
canonical inflation, i.e. a background with a smooth inflaton evolution, one
can simplify the z′′p/zp factor by assuming that the evolution is close to a de
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Sitter phase and find analytic solutions by means of the SR approximation.
Conversely, the background could not be smooth—features in the inflaton
potential can be present—or can be given by a scalar-tensor theory different
than GR. In these cases, different techniques must be used or numerical
integration must be performed.
Quasi-de Sitter solution
In de Sitter space where de Hubble parameter H is constant, Eq. (2.56)
reduces to
u′′p +
(
k2 − 2
τ 2
)
up = 0 , (2.62)
which, using the initial condition Eq. (2.61), has as solution
uk(τ) =
e−ikτ√
2k
(
1− i
kτ
)
, (2.63)
which is the same solution for either scalars or tensors, so we dropped the
subscript p.
Observations are to be compared with the spectrum of the primordial
quantum fluctuations. In this case, the spectrum of up is defined as
〈uˆki(τ), uˆk′i〉 = (2pi)
3 δ (ki + k′i)Pup(k) , (2.64)
where Pup(k) ≡ |uk(τ)|2 is the power spectrum of the variable up, while the
dimensionless power spectrum, ∆2(k), reads as
∆2up(k) ≡
k3
2pi2Pup(k) . (2.65)
Notice that on superhorizon scales, |kτ |  1,
|uk(τ)|2 = 12k3τ 2
(
1 + k2τ 2
)
' a
2H2
2k3 , (2.66)
where, in the approximation, we took the de Sitter condition on the con-
formal time Eq. (2.9). Furthermore, using the relations ζ = us/zs and
γ = ut/zt, we can compute the dimensionless power spectrum for the pri-
mordial scalar and tensor perturbations in quasi-de Sitter space, using there-
fore the solution given in Eq. (2.63), as
∆2ζ(k) =
k3
2pi2
∣∣∣∣∣up(τ)zs
∣∣∣∣∣
2
= H
2
8pi2H
∣∣∣∣∣
k=aH
, (2.67)
∆2γ(k) =
k3
2pi2
∣∣∣∣∣up(τ)zt
∣∣∣∣∣
2
= H
2
2pi2
∣∣∣∣∣
k=aH
, (2.68)
where it has been explicitly stated that they must be evaluated at horizon
crossing k = aH.
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First-order in slow-roll solution
We can take weaker restrictions for the z′′p/zp factor in Eq. (2.56) if we
expand it in slow-roll parameters. On the one hand, the tensor sector is
not modified as z2t = a/2 does not contain any slow-roll parameter. On the
other hand, the scalar factor z′′s/zs can be expanded as
z′′
z
= a2H2
(
2 + 2H + 2H + 3δ1 + 4δ1H + δ2
)
, (2.69)
where we dropped the subscript s to make the notation simpler, and we
employed the Hubble slow-roll parameter convention:
δ1 ≡ 12
d ln H
dN − H , δ2 ≡
dδ1
dN + δ1 (δ1 − H) . (2.70)
Equation (2.69) is exact, i.e. no slow-roll hierarchy approximation has been
used at that point (namely, we kept O(2H) terms).8
To first order in SR approximation, where the quasi-de Sitter condition
reads as
aH = −1
τ
(1 + H) , (first order in SR) (2.71)
Eq. (2.69) is reduced to
z′′
z
' 1
τ 2
(2 + 6H + 3δ1) ≡ ν
2 − 14
τ 2
, (first order in SR) (2.72)
where
ν2 ≡ 94 + 6H + 3δ1 , ↔ ν '
3
2 + 2H + δ1 . (2.73)
Hence, to first order in slow-roll parameters, the scalar Mukhanov-Sasaki
equation (2.56),
u′′k +
(
k2 − ν
2 − 14
τ 2
)
uk = 0 , (2.74)
can be recast as a Bessel equation and thus it has an exact solution given
by
uk(τ) =
√−τ
[
αH(1)ν (−kτ) + βH(2)ν (−kτ)
]
, (2.75)
where H(1)ν and H(2)ν are the Hankel functions of the first and second kind,
respectively. These functions are equal, H(1)ν (x) = H(2)ν (x), for a real argu-
ment x and have the following asymptotic limits:
H(1)ν (x→∞) '
√
2
pix
ei[x−(ν+
1
2)pi2 ] , (2.76)
8See §5 for details on the hierarchy of slow-roll parameters.
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H(1)ν (x→ 0) ' −i
(ν − 1)!
pi
(2
x
)ν
=
√
2
pi
(
2ν− 32
) Γ(ν)
Γ
(
3
2
)x−νe−ipi2 . (2.77)
Therefore, in the far past |kτ | → −∞, Eq. (2.75) is written as
uk(τ → −∞) =
√
2
pi
[
α
e−ikτ√
k
+ β e
ikτ
√
k
]
,
=
√
pi
2
√−τH(1)v (−kτ) ,
(2.78)
where we dropped the factors e±i
pi
2 (ν+ 12) and, in the second line, we took
α =
√
pi/2 and β = 0 by comparison with Eq. (2.61), i.e. Eq. (2.78) fixes
the Bunch-Davies mode functions to first order in the slow-roll parameters.
Finally, the dimensionless power spectrum, computed in the limit kτ 
1, reads as
∆2ζ(k) =
k3
2pi2
∣∣∣∣∣uk(τ → 0)z
∣∣∣∣∣
2
= 2
2ν−3
(2pi)2
 Γ(ν)
Γ
(
3
2
)
2 ( H
−aτφ˙
)2
(−kτ)3−2ν
∣∣∣∣∣
k=aH
,
(2.79)
where one can notice that in the limit H = δ1 → 0 (or, equivalently,
ν → 3/2), Eq. (2.79) reduces to Eq. (2.67) as expected.
Integral solutions
In the previous approximate solutions, the validity of the slow-roll con-
ditions, Eqs. (2.20) and (2.24), was assumed. The first condition, H  1, is
required to not terminate inflation prematurely, whereas |δ1|  1 9 enforces
that H evolves slowly and thus the only deviation from quasi-de Sitter
is due to the end of inflation, which ensures that the SR approximation
remains valid. However, in canonical inflation, the evolution of these pa-
rameters depends on the shape of the potential, meaning that an irregular
potential—with features of some sort—would make one of the parameters
increase before the end of inflation, violating the slow-roll conditions. This
does not necessarily mean that inflation is terminated, but that the SR ap-
proximation cannot be trusted. This has become an issue as more models
with features in the potential have become popular due to their particular
signatures in the power spectrum. For such cases, numerical integration of
Eq. (2.56) has been usually performed.
9Recall that ηH = −δ1.
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Alternatively, new techniques to solve the Mukhanov-Sasaki equation in
a semi-analytical way have been developed to overcome the deficiencies of
the SR approximation. In §5 we will carefully review two powerful meth-
ods: the Generilized slow-roll (GSR) [134–143], and the Optimized slow-roll
(OSR) [144,145] approximations. The former relies on an integral, iterative
solution of Eq. (2.56), whereas the latter relies on analytical formulas in
terms of the slow-roll parameters as in the standard SR approximation, but
with a different and more accurate order counting of slow-roll parameters.
In both cases, H is still required to be small in amplitude, so inflation is
not terminated, but its evolution can be as fast as the efolding scale. As
we shall see in §5, both techniques were recently extended to include the
full Horndeski background described in §2.3 and to be detailed in §4.1.1.1,
making these methods even more powerful.
In the case in which neither the conditions for the SR approximation
nor those for the GSR/OSR techniques are satisfied, direct numerical inte-
gration of Eq. (2.56) is required, for each wavenumber k and with the initial
condition given by Eq. (2.63).
2.4.4 Scale dependence, the amplitude of gravitational
waves and current observational bounds
The scale dependence of the primordial spectra of scalar and tensor
perturbations is quantified through the spectral indices
ns − 1 ≡
d ln ∆2ζ
d ln k , nt ≡
d ln ∆2γ
d ln k . (2.80)
Equations (2.67) and (2.68) allow to relate the spectral indices (sometimes
called ‘primordial tilts’) with the slow-roll parameters and thus, working to
linear order, we can write them as
ns − 1 = −4H − 2δ1 , (first order in SR) (2.81)
nt = −2H , (first order in SR) (2.82)
where the slow-roll parameters should be evaluated at some fixed scale k∗—
usually being when CMB scales left the horizon, in order to compare the
spectral indices with CMB observations.
Moreover, another parameters obtained from a further quantification of
the scale-dependence of the scalar spectral index have been proved to be
useful while testing models of inflation against observations [3,146,147]. In
particular, the running of the scalar spectral index and its own running can
be written, respectively, as
αs ≡ dnsd ln k , βs ≡
dαs
d ln k , (2.83)
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and analogously for tensors. Notice that, by taking Eq. (2.81), αs and βs can
also be written in terms of the slow-roll parameters, and that the hierarchy
of these parameters implies that αs = O(2H) and βs = O(3H). Therefore,
it is customary to parametrize the scalar spectrum in a power-law form, in
terms of the scalar parameters, as
∆2ζ(k) = As
(
k
k∗
)ns−1+ 12αs ln(k/k∗)+ 13!βs ln2(k/k∗)
, (2.84)
where As = ∆2ζ (k∗). Planck 2018 measurements take a pivot scale of k∗ =
0.05 Mpc−1, for which the scalar power spectrum amplitude As is measured
as
As = (2.0989± 0.014)× 10−9 , (2.85)
at 68% confidence level (CL), using the Planck TT,TE,EE+lowE+lensing10
constraints [82] (we shall take the same constraints throughout this thesis
unless otherwise stated). At this k∗, the measurements on the scalar pa-
rameters then read
ns = 0.9625± 0.0048 , (2.86)
αs = 0.002± 0.010 , (2.87)
βs = 0.010± 0.013 , (2.88)
at 68% CL, which is consistent with the expectations of the slow-roll hier-
archy.
Additionally, the amplitude of tensor perturbations is parametrized through
the tensor-to-scalar ratio as
r ≡ 4∆
2
γ
∆2ζ
, (2.89)
where the factor 4 comes after taking into account the two different polar-
izations of tensor modes. Using Eqs. (2.67) and (2.68), one can see that the
tensor-to-scalar ratio can be related to the slow-roll parameters, in which
case, using the quasi-de Sitter approximation, it reads as r = 16H . By
using Eq. (2.82), it is straightforward to see that the tensor-to-scalar ratio
is related to the tensor tilt as
r = −8nt , (2.90)
which is called the consistency relation. Any deviation from Eq. (2.90)
would be a signature of noncanonical inflationary physics.
10Here, ‘TT’, ‘TE’ and ‘EE’ stand for the combined likelihood using TT, TE, and EE
spectra, introduced in §1.1.5, at ` ≥ 30; ‘lowE’ stands for the low-` temperature-only
likelihood plus the low-` EE-only likelihood in the range 2≤ ` ≤ 29; and ‘lensing’ stands
for the Planck 2018 lensing likelihood which uses the lensing trispectrum to estimate
the power spectrum of the lensing potential [82].
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Figure 2.5: Planck 2018 constraints on the scalar spectral index ns and the tensor-to-
scalar ratio r at k∗ = 0.002 Mpc−1 from Planck measurements alone and in combination
with BK14 or BK14+BAO data. The 68% and 95% CL regions are shown and compared
to the theoretical predictions of selected inflationary models. Adapted from [82].
Figure 2.5, adapted from [82], shows the 68% and 95% CL constraints
coming from Planck TT,TE,EE+lowE+lensing measurements alone and
also from the combined BICEP2/Keck Array 2014 polarization data [148].
Superimposed are several inflationary models, all of them reviewed in §2.3,11
and the theoretical line separating concave- and convex-shaped potentials
where one can see that the latter are in tension with observations. Notice
that all the predictions for the theoretical models are shown for a window
of values of the number of efolds NCMB = 50 − 60, this given the uncer-
tainty in Eq. (2.30). Furthermore, notice that the tensor-to-scalar ratio is
consistent with a negligible amplitude of primordial GW, being the current
upper bound
r < 0.064 , (2.91)
at k∗ = 0.002 Mpc−1, using Planck TT,TE,EE+lowE+lensing+BK14 con-
straints. This comes from the fact that no signal of B-mode polarization
generated by the primordial GW has yet been detected. Future experiments
as, e.g., CORE (a CMB space satellite [149–151]), could be able to improve
the current sensitivity to r.
11Notice that the monomial potentials φp fall into the class of chaotic inflation given by
Eq. (2.32).
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Figure 2.6: Gravitational-wave sensitivity curves for different detectors: Advanced
LIGO [152,153]—showing the first (O1) and second (O2) runs and at designed sensitivity
(O5)—, LISA [154], IPTA [155], and SKA [156]; along with the GW energy density, given
by Eq. (2.92), of three different inflationary scenarios: canonical inflation given by the
consistency relation (solid black), a blue-tilted model (dashed gray) and a flat spectrum
(orange), all of them by taking the saturated bound r = 0.064.
Additionally, current GW experiments, as the ground-based interferom-
eter aLIGO [152,153], have proved their efficacy in measuring GW coming
from astrophysical processes [157–166]. Even though the main goal of these
interferometers is to measure astrophysically-sourced GW, a detection of
primordial GW is potentially viable. Figure 2.6 shows the gravitational
wave-sensitivity curves of several experiments able to detect GW [167,168].
Theoretically, for primordial GW, the GW spectrum is given in terms of
the primordial scalar spectrum and the tensor-to-scalar ratio as [168]
ΩGW(f) =
( 3
128
)
Ωrad∆2ζ
(
f
f∗
)nt 1
2
(
feq
f
)2
+ 49
(√
2− 1
) r , (2.92)
where f∗ = k∗/(2pi a0) is the pivot frequency related to the pivot scale k∗ and
feq = H0Ωm/
(
pi
√
2Ωrad
)
is the frequency entering the horizon at matter-
radiation equality. Using Eq. (2.92), one can compute the predictions of a
given inflationary model in terms of the tensor tilt nt as shown in Fig. 2.6.
By taking the bound in Eq. (2.91) as a true value for r, it is shown the
theoretical predictions for three different scenarios: the consistency relation
in canonical inflation, Eq. (2.90), a blue-tilted scenario with nt = 0.2 and a
flat spectrum (nt = 0). In particular, some inflationary scenarios, belonging
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to the classes discussed in §2.3, predict a large-enough blue tilt of tensor
perturbations which could reach future interferometer sensitivities [169–
171].
To finish this section, let us notice that although we do not yet know
the true nature of inflation, we can still estimate the energy scale at which
it took place given the bound (2.91). Recall that ∆2t ∝ H2 and, because of
the SR approximation, H2 ∝ V (φ). Hence, from Eq. (2.89), the energy at
CMB scales was approximately
E ≡ V 1/4 '
(
3pi2
2 r∆
2
ζ
)1/4
MPl < 7× 10−3MPl , (2.93)
i.e. the final stages of inflation occurred at sub-Planckian energy densities
(if Nature chose canonical slow-roll inflation).
CHAPTER 3
Model-independent approaches
Whenever a new well-motivated model of inflation is found, its dynamics
must be tested against observations, as discussed in §2.4.4. While this is the
standard approach in testing inflation, not much information (if any) about
the inflationary period is gained. For instance, on the one side, it may be
argued that canonical chaotic inflation is in tension with the data and that
this particular class of models could be ruled-out in the near future (see
Fig. 2.5). On the other side, it would be a strong claim to say that inflation
is noncanonical.
Furthermore, from the observational side, the consistency relation of
canonical inflation, Eq. (2.90), may be more challenging to test than ex-
pected. With the final results of the Planck satellite already released [82],
a new generation of experiments is required for an improvement on the
measurement (or, in the absence of a signal, on the upper limit) on the
amplitude of primordial gravitational waves through the tensor-to-scalar
ratio r. Moreover, the subsequent measurement of its scale dependence, nt,
entails an additional experimental challenge.
With all these considerations, it is desirable to look for more robust ways
to formulate inflation by capturing its generic features without committing
to a specific model. Such features may be simply given by the conditions
for inflation, Eqs. (2.10), and the required amount of inflation to solve
the inflationary problems, Eq. (2.31), consistent with CMB and LSS data.
Indeed, a model independent approach, developed by V. Mukhanov [172],
relies on these conditions by parametrizing the equation of state w during
inflation.
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3.1 Mukhanov parametrization
As discussed in §2.1.1, the equation of state during inflation is given by
(see Eq. (2.6))
ω ≡ p
ρ
= −1 + 23H , (3.1)
i.e. well before the end of inflation, H → 0, the Universe is driven by a
fluid with negative pressure, p = −ρ. On the other hand, ω approaches to
−1/3 when H → 1.
This behavior can be instead parametrized in terms of the number of
(remaining) efolds of inflation N .1 One can thus propose the ansatz [1,172,
173]
ω = −1 + β(N + 1)α , (3.2)
which reproduces the same aforementioned behavior for the positive and
order-unity parameters α and β. However, more interesting is the fact that
we can further parametrize the scalar tilt ns and the tensor-to-scalar ratio
r with the same parameters. Indeed, recall that ns − 1 = −4H − 2δ1 =
−2H − d ln H/dN to first order in slow-roll parameters, and in single-field
canonical inflation (see §2.4.4). Then, substituting Eq. (3.1), the scalar tilt
can be written as
ns − 1 =− 3 (ω + 1)− ddN [ln (ω + 1)]
=− 3β(N + 1)α −
α
N + 1 ,
(3.3)
where the ansatz (3.2) was applied in the second line. In the same manner,
the canonical-inflation consistency relation, Eq. (2.90), written as r = 16H
to first order in slow-roll parameters, can be parametrized as
r = 24β(N + 1)α . (3.4)
Notice then that Eqs. (3.3) and (3.4) provide generic, model-independent
predictions for canonical single-field inflation. For instance, notice that for
α > 1, the second term in Eq. (3.3) dominates and ns approximates to
ns − 1 ≈ −α/N∗ at CMB scales. Then, taking the central value of ns in
Eq. (2.86) and N∗ ∼ 55, it follows that α . 2. This in turn places a lower
bound on r:
r &
(
6× 10−3
)
β , (3.5)
1i.e. N approaches to 0 as H → 1.
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where, again, β = O(1). Consequently, we were allowed to predict a lower
bound on the tensor-to-scalar ratio—assuming that inflation is driven by
a canonical single field and for a given measured value of ns—just by fol-
lowing the conditions for inflation provided the ansatz (3.2). Notice that
the bound in Eq. (3.5) is one order of magnitude smaller than the current
observational upper bound (2.91) and thus it could be reached with future
CMB experiments [174].
In addition, the behavior of the majority of single-field scenarios can
be recovered for specific values of α and β as discussed in Ref. [172]. To
mention a few examples, chaotic inflation corresponds to α = 1 for which
the observables read ns − 1 = −(3β + 1)/(N + 1) and r = 24β/(N + 1);
for α = 2 and β = 1/2, ns− 1 ≈ −2/N and r ≈ 12/N 2, which corresponds
to the Starobisnky model, Eq. (2.41). For further examples and details, see
Ref. [172].
Finally, let us mention that this hydrodynamical approach can be eas-
ily extended to k-inflation (see §2.3) where another two phenomenological
parameters are required in order to parametrize the nontrivial sound speed
of primordial perturbations as
cs =
γ
(N + 1)δ . (3.6)
Here, δ ≥ 0 but γ is an arbitrary positive number i.e. the sound speed
grows towards the end of inflation. With this addition, the scalar tilt and
the tensor-to-scalar ratio change to
ns − 1 = − 3β(N + 1)α −
α + δ
N + 1 , r =
24βγ
(N + 1)α+δ . (3.7)
Notice then that the lower bound (3.5) can be further suppressed. On the
other hand, it is well known that a too small sound speed induces large non-
Gaussianities, for which cs cannot be much lower than 0.1 [6, 172]. In this
case, the lower bound on r would be further pushed one order of magnitude
at maximum.

CHAPTER 4
Inflation beyond General Relativity
We have seen that the simplest scenarios of inflation, i.e. monomial
potentials, are in tension with current CMB observations (see §2.4.4). In
this regard, the straightforward model-building approach is to consider more
complicated potential functions V (φ) for the inflaton field φ which fit obser-
vations. Currently, our corresponding approach relies on finding inflation-
ary models that come from well-motivated high-energy theories of particle
physics. However, one drawback of considering these models is the lack of
simpler (and perhaps more natural) predictions of such a high-energy theory
or, even worst, their failure on experimental confirmation.1
Canonical inflation, being driven by a (new) quantum field, is also a
theory of gravity based on General Relativity. Einstein’s theory of GR is
perhaps one of the most successful theories in physics. It has passed the
most stringent solar-system tests and predicted several observations over the
course of the last century, being one of its most amazing confirmations just
achieved in 2015 with the measurement of the gravitational waves produced
by a two black-hole merger [157–166].
Yet, there are huge hints on the incompleteness of GR, the most in-
triguing one being posed by the dark energy (DE) issue. As discussed in
§1, there is no natural explanation for the DE, although several proposals
have been studied. In a similar way that for inflation, a new scalar field
1Take for instance supersymmetry (SUSY), a very elegant solution to many problems in
the Standard Model. It was developed in the 1970’s and it is actively searched for mainly
in accelerators. Hints of a minimal supersymmetric theory were already expected at the
current working energies of the Large Hadron Collider (LHC) (see, e.g., Ref. [175]); yet,
many inflationary models based on SUSY are still being considered.
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could be able to drive the current expansion, however, due to the low energy
scale of the current acceleration, new difficulties arise when one tries to con-
struct consistent particle physics models for this new field [13]. A second
approach relies on modifying GR at large scales such that these modifica-
tions are able to explain the accelerated expansion without modifying the
local dynamics, where GR has been tested to be highly accurate. In fact,
this approach is one of the most active research lines in Cosmology and has
provided numerous kinds of modifications of GR to explain the nature of
the DE.2
The same modifications of GR proposed to explain the DE, if realized
during the early universe, are able to produce different predictions for the
same inflationary potentials V (φ) previously studied. Indeed, there exist
simple modifications of GR which lead to a better agreement of the mono-
mial potentials, previously ruled-out, with the current CMB observations.
This is in fact one common approach: instead of proposing complicated
potential functions V (φ), we could keep the simplest realizations and just
find well-motivated modifications of GR which predict observables satisfy-
ing current constraints. While this well-motivated modifications were orig-
inally kept simple too—as in the noncanonical models of inflation reviewed
in §2.3—in the recent years several classes and, as we shall see, frameworks
of generalizations of GR have been worked out. Their study started with
a simple question: what is the most general modification of GR, respecting
its symmetries and principles, and which propagates only physical degrees
of freedom?
Indeed, the construction of such frameworks became itself a research line
in the fields of gravitation and also of cosmology, where new terms and inter-
actions between the inflaton and the gravity sector have been considered.
In this chapter, we shall review the most popular frameworks of general
modifications of GR involving new fields (scalars and vectors) coupled to
the gravity sector. Indeed, by keeping its symmetries and constraints—
namely Lorentz invariance, unitarity, locality and a (pseudo-)Riemannian
spacetime—any modification of GR will inevitably introduce new degrees
of freedom which could either be in the form of new scalar, vector or tensor
fields [176].3
We shall follow a bottom-up approach: we start by reviewing the mo-
tivations for the construction of the aforementioned frameworks and the
considerations one should take. Then, first, we shall review the scalar-
tensor interactions which lead to the so-called Horndeski theory; second, we
2The interested reader is referred to Ref. [13] for a pedagogical review of the different
approaches to DE.
3In other words, GR is the only Lorentz-invariant theory of gravity for a massless spin-2
particle.
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move into the discussion of vector-tensor interactions which, in turn, lead
to the generalized Proca theories; third, we shall discuss the more general
framework which aims to join the first two into the most general class of
scalar-vector-tensor (SVT) interactions. In a second part, we shall review
some of the most popular models of cosmological inflation that are devel-
oped within these general frameworks.4
4.1 Towards the most general SVT frame-
work
General Relativity describes a theory of a massless spin-2 particle which
propagates only two degrees of freedom as a result of constraints com-
ing from the invariance under differentiable coordinate transformations—
diffeomorphism invariance. As already stated, any modification of GR will
introduce new degrees of freedom in the form of scalar, vector or tensor
fields. Take for instance the addition of a mass term for a gravitational field
hµν : Lorentz invariance restricts the metric combinations allowed for the
mass term to be proportional to5
m2
(
h2µν − h2
)
, (4.1)
where hµν is a symmetric tensor field. The presence of this mass term makes
the theory no longer diffeomorphism invariant and thus more degrees of free-
dom, apart of the two tensor polarizations, must propagate. This symmetry,
however, can be restored by means of the Stueckelberg trick, a field redefi-
nition hµν → hµν + 2χ(µ,ν) which introduces additional Stueckelberg fields
χα, and which transforms the mass term into6
m2
[(
hµν + 2χ(µ,ν)
)2 − (h+ 2χα,α)2] . (4.2)
Furthermore, the Stueckelberg field can be split into its transverse and
longitudinal parts χα → Aα + ∂αpi in order to make the degrees of freedom
explicitly shown. In this way, the mass term becomes
m2
(
h2µν − h2
)
−m2F 2µν − 2m2 (hµνAµ,ν − h∂µAµ)− 2m2 (hµνpi,µν − h∂µ∂µpi) ,
(4.3)
4We would like to emphasize that these are mathematical frameworks rather than phys-
ical theories (as the name may suggests), i.e. they only provide us with a full set of
modifications of GR allowed by physical symmetries and other constraints, and not
with a fixed set of fundamental laws of gravity.
5Only scalar combinations of the metric are allowed. In this regard, h2µν = hµνhµν and
h2 = hµµhνν .
6χ(µ,ν) ≡ (∂µχν + ∂νχµ) /2 .
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i.e. the Stueckelberg trick produced the kinetic terms proportional to hµνpi,µν
and F 2µν = (Aµ,ν − Aν,µ)2 for the scalar field pi and the vector field Aµ, re-
spectively.7 Therefore, a fully consistent theory of massive gravity—where
diffeomorphism invariance is broken—propagates five degrees of freedom
(compared to the two of GR): two tensor (helicity-2) modes from hµν , two
vector (helicity-1) modes from Aµ 8 and the scalar (helicity-0) mode pi, the
last two coming from the Stueckelberg field χα.
Also interesting, apart from the kinetic terms for the Stueckelberg fields,
the mass term further produces interaction terms of the form
m2 (hµνpi,µν − h∂µ∂µpi) , m2 (hµνAν,µ − h∂µAµ) , (4.4)
i.e. mixing terms between different helicity modes. Phenomenologically, it
has been shown that the helicity-0 mode present in a consistent theory of
massive gravity provides a self-accelerating solution and thus it could poten-
tially explain DE [178]; therefore, one would expect interesting cosmological
implications from several different mixing combinations coming from more
general modifications of GR.
These mixings can be classified as scalar-tensor, vector-tensor or scalar-
vector interactions. In this sense, one could follow the theory-independent
approach of constructing all the different possible combinations allowed by
Lorentz invariance and further restrictions as locality and unitarity, and
write down all the possible combinations between scalar and tensor modes,
vector and tensor modes, and scalar and vector modes coupled to gravity.
In doing so, one would notice that combinations of arbitrarily high-order
derivatives are allowed; however, it is well known that a nondegenerate
Lagrangian, with temporal derivatives higher than order one, yields equa-
tions of motion (EoM) higher than order two. This fact incorporates new
pathologies: in the Hamiltonian picture, a Lagrangian of this kind yields
a Hamiltonian which is unbounded from below and thus the energy of the
system in consideration can take either positive or negative values, i.e. it
can excite either positive or negative degrees of freedom. A negative degree
of freedom of this type is known as Ostrogradsky instability or, colloquially,
Ostrogradsky’s ghost.9 We can therefore state Ostrogradsky’s theorem as:
‘Higher-derivative theories contain extra degrees of freedom, and are usu-
ally plagued by negative energies and related instabilities’. Consequently,
and in order to maintain a pathologically-free theory of gravity, any mod-
ification of GR, involving higher derivatives, must still yield second-order
7This happens after performing a canonical normalization Aµ → Aµ/m and pi → pi/m2.
See [176,177] for details.
8The other two degrees of freedom from Aµ are removed by means of the gauge invariance.
9See Footnote 2 in Ref. [179] for a discussion on the terminology of the instability and
the associated theorem.
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EoM.10 We shall see that this is achieved by imposing constraints which
allow us to remove the ghostly terms from the EoM.
4.1.1 Scalar-tensor interactions
The simplest terms allowed in a scalar-tensor theory are given in the La-
grangian for a scalar field minimally coupled to GR (shown in Eq. (2.11)),
namely those of a canonical kinetic energy, X ≡ −12gµνφ,µφ,ν , and a po-
tential energy, V (φ)—this term being already a generalization of the even
simpler m2φ2 mass term. This theory is of first order in derivatives and
thus it propagates only real (positive-energy) fields.
In order to construct more general terms, the first natural step relies
in combining the canonical kinetic and potential terms into a general func-
tion of the field, f(X,φ). Theories of this type, known as k-essence, have
been widely considered in the context of both DE and inflation (named as k-
inflation in the latter context). In particular, terms such as f(φ)X+G(φ)X2
or G(φ)
√
1− f(φ)X show up naturally in models inspired from string the-
ory and supersymmetry realizations (see Ref. [13] and references therein
for details). Indeed, several new interactions have been discovered in the
context of higher-dimensional theories. Another example comes from the
Dvali-Gabadadze-Porrati (DGP) model of brane cosmology where in a 3+1
spacetime, embedded in a 4+1 dimensional Minkowski space, the gravi-
ton helicity-0 mode appears with a self-interaction term, φ (∂φ)2 11, able
to drive an accelerated expansion [180]. Notice that this term contains two
derivatives acting on the scalar field φ, however, its EoM, φ2−(φ,µν)2 = 0,
are still second-order and thus the model avoids the Ostrogradsky instabil-
ity. Following this spirit, one could carefully construct higher-order deriva-
tive terms which, by means of some particular constraints which remove the
higher-order terms, yield second-order equations of motion. This task led
to the development of the Galileon theories—a general scalar-tensor the-
ory in flat spacetime, with second-order EoM, which is invariant under the
Galilean transformations φ → φ + xµbµ + c [110]. The generalization to
10This condition is in fact respected in Nature, as no higher order EoM describe physical
phenomena—for instance, Newton’s, Maxwell’s and, again, Einstein’s equations are all
of them of second-order.
11We define the d’Alambertian operator in the standard way: φ ≡ ∇µ∇µφ := φ;µ;µ.
Notice however that the interaction present in the DGP model comes from a theory in
flat spacetime and, moreover, a covariant derivative acting on a scalar quantity is just
a partial differentiation, i.e. we are still writing partial derivatives.
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a nonflat spacetime was named covariant Galileons [112], now known as
Horndeski theory [109].12
4.1.1.1 Horndeski theory
It is possible to construct a theory order by order in derivatives follow-
ing the generalization procedure mentioned above. We can write the La-
grangians L2 = G2(φ,X) and L3 = G3(φ,X)φ where the subscript makes
reference to the number of times the field φ appears. The fourth Lagrangian
allows two types of interactions: α1G4(φ,X) (φ)2 and α2G4(φ,X) (φ,µν)2;
however, by inspection of the EoM, one notices that in order to maintain
only second-order terms, the constraint α1 = −α2 must be satisfied—this
then fixes the form of L4. Following this procedure, one finds that as long
as we restrict ourselves to second-order EoM in four dimensions, only four
Lagrangians can be written down, i.e. up to L5. Next, we shall promote the
partial derivatives to covariant derivatives and thus covariantize the theory.
In doing so, the number of derivatives increases and therefore the order of
the EoM changes accordingly. The correct order is recovered by introducing
nonminimal couplings to gravity into the Lagrangians at the desired order
(see [176] for details).
The application of the previous algorithm leads to the full Lagrangian
of the Horndeski theory which is then given by four Lagrangians, LH =∑5
i=2 Li, each of them proportional to an arbitrary function Gi(φ,X):
LH = G2
+G3φ
+G4R +G4,X [(φ)2 − φ;µνφ;µν ] (4.5)
+G5Gµνφ;µν − G5,X6 [(φ)
3 − 3(φ)φ;µνφ;µν + 2φ;µνφ;µσφ;ν;σ] ,
where Gi,X ≡ ∂Gi/∂X, R is the scalar curvature and Gµν = Rµν − 12gµνR
the Einstein tensor. Notice that the canonical Lagrangian, Eq. (2.11), is
recovered for the choice G2 = X − V (φ), G4 = 1/2, and G3 = G5 =
0. Equation (4.5) represents therefore the most general theory of gravity
involving scalar and tensor fields which yields second-order EoM and is free
of Ostrogradsky ghosts.
Horndeski gravity is not however the most general theory of gravity
free from instabilities. It is now known that having second-order EoM as
a condition for the avoidance of Ostrogradsky instabilities is actually not
necessary as long as there exists an additional constraint equation which
12In 1974, Gregory Horndeski precisely studied the most general four-dimensional scalar-
tensor theory of gravity which yield second-order EoM. His work was rather unnoticed
until its rediscovery as the covariant Galileons.
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helps to remove the higher-order terms. This inspired the construction of the
Degenerate Higher-Order Scalar-Tensor (DHOST) theories of gravity which
are now the most general theories of gravity, at cubic order in second-order
derivatives, with additional primary constraints ensuring the propagation
of only three physical degrees of freedom [114, 118, 119, 181]. In the rest of
this thesis, we shall however restrict ourselves to the phenomenology of the
Horndeski theory for simplicity.
4.1.2 Vector-tensor interactions
We are now in the pursuit of the most general theory of a spin-1 field
Aµ, coupled to gravity, yielding second-order EoM, i.e. propagating only
real vector and tensor modes. As we shall see, the total number or physical
degrees of freedom will depend on whether we restrict ourselves to maintain
the gauge symmetry or not—equivalently, whether we allow the field to be
massive. Both theories provide new interesting phenomenology and thus one
has the freedom to choose either one. Nevertheless, each case is constructed
in the same spirit as the covariant Galileons were obtained: we need to write
down all possible combinations order by order by respecting the second-
order EoM condition, then covariantize the theory by promoting the partial
derivatives to covariant ones and reduce to the correct order by introducing
nonminimal couplings to the gravity sector.
4.1.2.1 Maxwell theory
For a massless U(1) field Aµ, the allowed interactions linear in deriva-
tives have the form α1∂µAν∂µAv + α2∂µAν∂νAµ. The number of propa-
gating degrees of freedom is fixed by the existence of a primary constraint
that imposes α1 = −α2 which makes the temporal mode A0 nondynam-
ical. Furthermore, α1 < 0 must be satisfied in order to ensure that the
Hamiltonian is bounded from below (see [176] for details). These condi-
tions generate a gauge symmetry which further removes the longitudinal
mode. Consequently, we obtain a Lorentz invariant theory of a massless
spin-1 field invariant under gauge transformations, Aµ → Aµ+∂µθ (where θ
is a real arbitrary constant) which guarantees that only two vector degrees
of freedom propagate. This theory is nothing but the Maxwell’s theory of
electromagnetism (in absence of external currents)
LMaxwellAµ = −
1
4F
2
µν , Fµν ≡ ∂µAν − ∂νAµ , (4.6)
after canonically normalizing the vector field by setting α1 = −1/2. Simi-
lar to the Galileons case, one might look for higher-order self-interactions;
however, a no-go theorem states that it is the Maxwell kinetic term the only
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possible combination yielding second-order EoM for an Abelian vector field
as long as we restrict ourselves to keep the gauge symmetry [182–185].
By promoting the partial derivatives to covariant ones, nonminimal cou-
plings are required as in the scalar-tensor case. Additionally, in order to
preserve gauge invariance, only couplings of the field strength Fµν , and not
direct couplings of the vector field, must be considered. In this case, it
can be shown that Fµν can only couple to the double dual Riemann tensor
Lµναβ = 14EµνρσEαβγδRρσγδ, where Eµναβ is the antisymmetric Levi-Civita
tensor satisfying the normalization EµναβEµναβ = −4!. Consequently, the
most general Lagrangian for a massless vector field on curved spacetime
yielding second-order EoM is given by [186–188]
LMaxwell = 12R−
1
4F
2
µν +
1
4ML
αβγδFαβFγδ , (4.7)
where M is the relevant mass scale.
4.1.2.2 Proca theory
The Proca theory describes a massive U(1) vector field. The mass term
proportional to AµAµ breaks the gauge symmetry and therefore one degree
of freedom more is allowed to propagate—three in total. Nevertheless, as
in the massive gravity case, the gauge symmetry can be restored using the
Stueckelberg trick by means of the change of variables Aµ → Aµ + ∂φ,
where φ is a scalar Stueckelberg field. Under this change, the Proca theory
becomes
LProcaAµ = −
1
4F
2
µν −
1
2mAA
2
µ −
1
2 (∂φ)
2 −mAAµ∂µφ , (4.8)
where we have canonically normalized the scalar field as φ→ φ/mA. Now,
Eq. (4.8) in invariant under simultaneous gauge, Aµ → Aµ + ∂µφ, and
shift, φ → φ − θ, symmetries and, more interestingly, the Stueckelberg
trick produced an interaction term between the vector field and the scalar
Stueckelberg field, where the latter comes with a kinetic term. Therefore,
associating φ to the longitudinal vector mode, the third degree of freedom
is explicitly shown—indeed, the change of variables Aµ → Aµ + ∂φ can be
seen as a helicity decomposition of the vector field.
Unlike the massless case, the Proca theory allows for more general inter-
actions made by higher-order derivatives and thus avoiding the aforemen-
tioned no-go theorem. Then, to construct Galileon vector theories, called
generalized Proca in the Literature, we keep the second-order EoM restric-
tion and add a second restriction: the temporal mode A0 most remain
nondynamical, otherwise it would unavoidably be a ghost mode. The al-
gorithm is similar to the one previously discussed for scalar Galileons and
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therefore we shall focus on the covariantized version (see [176, 189–191] for
details). By replacing partial derivatives with covariant ones and introduc-
ing the corresponding nonminimal couplings, the generalized Proca theories
in curved space become:
LProca = G2(X,F, Y )
+G3(X)Aµ;µ
+G4(X)R +G4,X(X)
[
(Aµ;µ)2 − Aρ;σAσ;ρ
]
+G5(X)GµνAµ;ν − 16G5,X(X)
[
(Aµ;µ)3 − 3Aµ;µAρ;σAσ;ρ
+ 2Aρ;σAσ;γA ;ργ
]
− G˜5(X)F˜αµF˜ βµAβ;α
+G6(X)LµναβAν;µAβ;α +
1
2G6,X(X)F˜
αβF˜ µνAµ;αAν;β , (4.9)
where F˜ µν = EµναβFαβ/2 is the dual of the strength tensor, and we explicitly
showed the dependence of the Gi functions in terms of the quantities
X = −12AµA
µ , F = −14FµνF
µν , Y = AµAνF αµ Fνα . (4.10)
Consequently, Eq. (4.9) is the most general theory of gravity with a vec-
tor field Aµ yielding second-order EoM, i.e. propagating only real fields—
two tensor modes, two transverse vector modes and the longitudinal mode.
These theories have brought important new phenomenology in the study of
DE [192–196] and compact objects as black holes and neutron stars [197–
204].
Beyond Generalized Proca theories have been constructed in the same
spirit as beyond Horndeski theories. We shall not discuss them in this thesis
but the interested reader is referred to Refs. [176,205].
4.1.3 Scalar-vector-tensor interactions
Recall that the Stueckelberg trick performed to the Proca theory, Eq. (4.8),
produced a kinetic term for the scalar field φ and a genuine new interaction
between φ and Aµ. Nothing has been said about this scalar field, however
it can lead to interesting dynamics while being coupled to the Proca vector
field in a gravitational background. Bearing this in mind, it is interesting
to consider different kind of combinations between these two helicity modes
and to construct a general theory of gravity with both scalar and tensor
fields. As in the case of the Proca theories, one can construct interactions
depending on whether the gauge symmetry is kept or not. As we shall see,
both theories contain new interesting phenomenology that can be applied
to different physical scenarios.
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4.1.3.1 Gauge-invariant theory
On the one hand, it is possible to allow independent self-interactions of
the scalar field via derivative terms—such as the third term in Eq. (4.8)—
which, restricting to second-order EoM, lead to shift-symmetric Horndeski
interactions LHshift. On the other hand, it is also possible to construct order
by order interactions between the vectorial combinations in Eqs. (4.10) and
the ∇φ term and its derivatives. By restricting to gauge-invariant combi-
nations and explicitly breaking the shift symmetry to allow more general
ones, one obtains the most general gauge-invariant scalar-vector-tensor the-
ory yielding second-order EoM [206]:
L = LH
+ f2(F, F˜ , Y )
+Mµν3 φ;µν
+Mµναβ4 φ;µαφ;νβ + f4(φ,X)LµναβFµνFαβ ,
(4.11)
where LH is given in Eq. (4.5) and here Y = ∇µφ∇νφF µαF να. We also
defined the rank-2 and rank-4 tensors,Mµν3 andMµναβ4 , respectively, as
Mµν3 =
[
f3(φ,X)gρσ + f˜3(φ,X)φρφσ
]
F˜ µρF˜ νσ , (4.12)
Mµναβ4 =
[1
2f4,X(φ,X) + f˜4(φ)
]
F˜ µνF˜αβ , (4.13)
where we note that the function f˜4 depends on φ alone. Notice that in the
limit of constant φ and f4 one recovers the Maxwell theory in Eq. (4.7).
4.1.3.2 Broken gauge-invariant theory
Abandoning the gauge invariance, the vector field cannot only enter
via the terms in Eqs. (4.10) but also via Sµν = ∇µAν + ∇νAµ. In this
regard, we can introduce an effective metric tensor constructed from possible
combinations of gµν , Aµ, and ∇µφ, given as [206]
Ghnµν = hn1(φ,Xi)gµν +hn2(φ,Xi)φ;µφ;ν +hn3(φ,Xi)AµAν +hn4(φ,Xi)Aµφ;ν
where the Xi are defined below. Then, following the same procedure as
before, the most general broken gauge-invariant scalar-vector-tensor theories
yielding second-order EoM are written as
LSVT = f2(φ,X1, X2, X3, F, F˜ , Y1, Y2, Y3)
+ f3(φ,X3)gµνSµν + f˜3(φ,X3)AµAνSµν
+ f4(φ,X3)R + f4,X3(φ,X3)
[
(Aµ;µ)2 − Aµ;νAµ;µ
]
(4.14)
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+ f5(φ,X3)GµνAµ;ν − 16f5,X3(φ,X3)
[
(Aµ;µ)3 − 3Aµ;µAρ;σAσ;ρ
+ 2Aρ;σAσ;γA ;ργ
]
+Mµν5 φ;µν +N µν5 Sµν
+ f6(φ,X1)LµναβFµνFαβ +Mµναβ6 φµαφνβ + f˜6(φ,X3)LµναβFµνFαβ
+N µναβ6 SµαSνβ ,
where we now use the notation
X1 = −12φ;µφ
;µ , X2 = −12A
µφ;µ , X3 = −12AµA
µ , (4.15)
and
Y1 = φ;µφ;νF µαF να , Y2 = φ;µAνF µαF να , Y3 = AµAνF µαF να ,
(4.16)
the latter of which corresponds to the interactions arising from pure vec-
tor modes. Furthermore, the rank-2 tensors Mµν5 and N µν5 , which encode
intrinsic vector interactions, are given by
Mµν5 = Gh5ρσF˜ µρF˜ νσ , N µν5 = Gh˜5ρσF˜ µρF˜ νσ , (4.17)
where the functions h5j and h˜5j (j = 1, 2, 3, 4) appearing in Gh5ρσ and Gh˜5ρσ
are functions of φ and X1, X2, X3. On the other hand, the rank-4 tensors
Mµναβ6 and N µναβ6 are defined as
Mµναβ6 = 2f6,X1(φ,X1)F˜ µνF˜αβ , N µναβ6 =
1
2 f˜6,X3(φ,X3)F˜
µνF˜αβ .
(4.18)
Notice that the functions f3, f˜3, f4, f5, f˜6 depend on φ andX3, whereas f6
has dependence on φ and X1. Furthermore, the Generalized Proca theories,
Eq. (4.9), are recovered by using the correspondence
φ→ 0 , X1,2 → 0 , X3 → X , Y1,2 → 0 , Y3 → Y ,
f2 → G2(X,F, Y ) , 2f3 → G3(X) , f˜3 → 0 , f4 → G4(X) ,
f5 → G5(X) , h5j → 0 , h˜51 → −12G˜5(X), h˜52, h˜53, h˜54 → 0 ,
f6 → 0 , 4f˜6 → G6(X) .
Finally, we note that the full scalar-vector-tensor theory with second-
order EoM is completed by adding the Horndeski interactions LH, in Eq. (4.5),
to LSVT, Eq. (4.14). Therefore, we end up with a theory with six propa-
gating degrees of freedom: two tensor modes, two vector modes and two
scalar modes. This general theory has been developed just recently, but
applications for DE [207], black holes [208] and inflation [5] (to be discussed
in §4.3.1) have already been performed.
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4.2 Inflation in scalar-tensor theories
Our goal here is to apply the Horndeski theory and the SVT theories to
the physics of inflation. To that end, one needs to consider a background
FLRW spacetime and compute the EoM for the background and for the pri-
mordial perturbations, the latter of which will lead us to compute the power
spectra of these perturbations and to make predictions from the theory (see
§2.4.4).
The background EoM and the quadratic actions of primordial scalar
and tensor perturbations for the Horndeski theory, Eq. (4.5), were com-
puted in Ref. [209] and are shown in Appendix §B. Here, we shall focus on
the novel phenomenology coming from specific models of inflation already
tested, some of which constitute a part of the original results presented in
this thesis. We shall firstly discuss the addition of nonminimal couplings
between the scalar field and the scalar curvature R to the canonical ac-
tion, mediated by some coupling ξ which alleviates the tension between the
canonical model and the data. Secondly, we shall discuss the class of mod-
els named as G-inflation, derived from taking into account a nonvanishing
function G3 in Eq. (4.5)—this class of models has been studied due to its
ability to reconciling simple inflationary potentials V (φ) with the data.
4.2.1 Nonminimal coupling to gravity
The Horndeski theory has become a rich framework to construct phe-
nomenological models of both early- and late-time cosmology. The most
common modification of the canonical action, Eq. (2.11), comes from ac-
counting for a nonminimal coupling between the scalar field and the gravity
sector via the term f(φ)R. From Eq. (4.5), notice that this term can be
obtained by setting G4(φ,X) = f(φ). However, nonminimal couplings of
this form have been considered long before the Galileon theories were for-
mulated [98–102, 106], and reconsidered when such coupling was found in
the framework of supergravity theories [210–215]. In particular, the simple
function f(φ) = (1 + ξφ2)/2 has been extensively studied, where ξ is a di-
mensionless coupling expected to be small in this model in order for φ to
successfully reheat the Universe. Indeed, Planck places the lower bound on
this parameter to be log10ξ > −1.6 at 95% CL for the quartic potential φ4
which is highly disfavored in the canonical picture [82].
By introducing the nonminimal coupling, the action of such a theory is
given by
SNM =
∫
d4x
√−g
[1
2
(
1 + ξφ2
)
R− 12g
µνφ,µφ,ν − U(φ)
]
, (4.19)
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where U(φ) is the potential function in the Jordan frame. Indeed, it can be
shown that the theory in Eq. (4.19) can be recast as a canonical action (the
Einstein frame) by means of a conformal transformation of the form
gEµν = Ω(φ)gµν , (4.20)
where, in this case,
Ω(φ) ≡ 1 + ξφ2 . (4.21)
Under this transformation, the action (4.19) becomes
SENM =
∫
d4x
√−gE
(1
2RE −
1
2g
µν
E ϕ,µϕ,ν − V [ϕ (φ)]
)
, (4.22)
where the index ‘E’ emphasizes that the action is written in the Einstein
frame, i.e. in canonical form, with an effective potential function
V [ϕ(φ)] = U(φ)Ω2(φ) , (4.23)
of the rescaled field (
dϕ
dφ
)2
= 1Ω +
3
2
(
Ω,φ
Ω
)2
. (4.24)
As already stated, for a range of values of ξ, several canonical models
of inflation can be reconciled with CMB observations, among which the
chaotic model m2φ2 and the quartic potential λφ4 have been exhaustively
studied [2, 107, 108, 216–219]. The explanation for this is quite simple, as
seen in the Einstein frame: any different value of ξ changes the shape of the
effective potential and consequently its inflationary predictions; namely, the
ability of ξ to make the potential V (ϕ) flatter will induce a suppression in
the tensor-to-scalar ratio r and thus make the potentials U(φ) more favored
with respect to CMB observations (see Fig. 4.1).
4.2.2 G-inflation
Notice from Eq. (4.5) that the simplest nontrivial modification of the
canonical action, Eq. (2.11), beyond linear order, comes from the third-
order Lagrangian proportional to G3. With this term, the action becomes
SG =
∫
d4x
√−g
[1
2R +G2(φ,X) +G3(φ,X)φ
]
, (4.25)
where we have set G4(φ,X) = 1/2 in order to account for the Einstein-
Hilbert term. This class of models is called ‘G-inflation’ in the litera-
ture, and its cosmological implications have been extensively explored—it
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Figure 4.1: Schematic representation of the effective potential (4.23) for U(φ) ∝ φ2.
The different lines represent different values of the coupling constant ξ in the function
Ω = 1 + ξφ2, where a larger ξ corresponds to a flatter potential (a less concave one).
From the observationally point of view, a flatter potential gives rise to a suppression of
the tensor-to-scalar ratio r and, consequently, a larger value of ξ drives the canonical
model to be in a better agreement with observations (see §2.4.4).
was first studied in Ref. [220] as a kinetically-driven model of inflation,
i.e. G2(φ,X) = G2(X) and thus no potential term was introduced. How-
ever, potential-driven versions, considered in subsequent works, realized
that simple potentials as the ones of chaotic inflation, Eq. (2.32), could be
reconciled with CMB observations in the same spirit as in the presence of
a nonminimal coupling (see Ref. [129]). Further extensions as, for instance,
a Higgs boson driving inflation in this framework [128,130], and studies on
potential signatures on higher correlation functions [221] or reheating [222],
have also been carried out.
The equations of motion, for the full theory in Eq. (4.5) were computed
in Ref. [209] (also shown in Appendix §B) assuming a homogeneous field φ =
φ(t) and the flat FLRW spacetime metric ds2 = −N2(t)dt2 +a2(t)gijdxidxj
(where the lapse function N(t) is introduced for convenience and later set
to one). Particularly, for the G-inflation model in Eq. (4.25), the variation
of the action with respect to N(t) yields the Friedmann equation
3H2 +G2 − 2XG2,X − 2XG3,φ + 6Xφ˙HG3,X = 0 . (4.26)
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On the other hand, variation with respect to the scale factor a(t) gives the
evolution equation
3H2 + 2H˙ +G2 + 2X
(
G3,φ + φ¨G3,X
)
= 0 . (4.27)
Finally, the variation with respect to φ(t) gives the scalar-field equation of
motion
3Hφ˙−G2−6
(
3H2 + H˙
)
G3+(1− 2G3,φφ)X+
(
1 + 4G3φ − 6Hφ˙G3X
)
φ¨ = 0 .
(4.28)
Furthermore, the quadratic actions for scalar and tensor perturbations,
from the full Horndeski background, were also computed in Ref. [209] and
are given by
S(2)ζ =
∫
d4xa
3bsH
c2s
(
ζ˙2 − c
2
sk
2
a2
ζ2
)
, (4.29)
S(2)γ =
∑
λ=+,×
∫
d4xa
3bt
4c2t
(
γ˙2λ −
c2tk
2
a2
γ2λ
)
, (4.30)
where c2s,t and bs,t are normalization factors which depend on the back-
ground, i.e. on the Gi(φ,X) functions, as it is shown in §B.1.1. Particularly,
for the model in Eq. (4.25), they read as
bs =
2µ1H − 2µ˙1 − µ21
H
, bt = 1 ,
c2s =
3 (2µ1H − 2µ˙1 − µ21)
4µ2 + 9µ21
, c2t = 1 , (4.31)
where
µ1 = 2H + 2φ˙G3 ,
µ2 = −9H2 + 6φ˙2G3,φ + 32
(
φ˙− 24HG3
)
φ˙ . (4.32)
Notice that the tensor normalization factors correspond to those of the
canonical tensor quadratic action, meaning that the choice G4 = 1/2 and
G5 = 0 does not modify the tensor sector.13
In order to compute the Mukhanov-Sasaki equations for the quadratic
actions (4.29)-(4.30), in terms of the Mukhanov variables us = zsζ and
ut = ztγ, we need to redefine the zp variables, Eqs. (2.53), as
zs =
a
√
2bsH
cs
, zt =
a
cs
√
bt
2 , (4.33)
13This statement holds for any choice of G2 and G3, see Refs. [129,209].
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for which the evolution equations read
u′′p +
(
c2pk
2 − z
′′
p
zp
)
up = 0 . (4.34)
As already stated, for the model in Eq. (4.25), the tensor sector is not
modified and thus the evolution equations and their solutions remain as in
canonical inflation. On the other hand, for scalar perturbations, the solu-
tion of Eq. (4.34) is not trivial—one should study carefully the background
evolution for a given choice of the Gi(φ,X) functions and, from there, de-
termine whether the SR approximation is suitable or numerical integration
must be performed. Furthermore, closer attention needs to be devoted to
the evolution of the normalization factors bp and c2p as they may develop
instabilities; namely, c2p represent the sound speeds of primordial pertur-
bations that need to be positive defined in order to avoid for Laplacian
instabilities, whereas the factors bp are required with the same condition
so they do not contribute with a wrong sign to the kinetic term, otherwise
they would represent a ghost instability.
Until recently, the avoidance of instabilities at the perturbations level
represented a severe problem on the construction of G-inflation models.
Reference [129], for instance, studied a potential driven-version based on
the function G3(φ,X) = −X/(2M3) and found that they could reconcile
the quadratic potential m2φ2 (among others) with CMB observations for
small values of the mass scale M compared to MPl, however with a lower
bound ofM = 4.2×10−4MPl. Although the tension between the model and
the data is recovered when we consider the most recent Planck data (see
Ref. [4]), the issue with smaller values of M remained interesting as it was
due to the appearance of Laplacian instabilities during reheating. Indeed,
the G3 term still affects the dynamics of the inflaton field after the end
of inflation, which translates into the lack of coherent oscillations during
the reheating epoch. Nevertheless, it has been shown that these instabil-
ities can be avoided by terminating the influence of G3 before the end of
inflation; this mechanism can be simply achieved by a transition from a
G-inflation domain to a canonical inflationary era able to properly reheat
the Universe. Furthermore, this transition should be carefully introduced
after CMB scales in order to contrast with the canonical predictions of a
given potential V (φ). This can be seen from Fig. 4.2, where the slow-roll
parameter H , Eq. (2.5), is shown for a transient model which was carefully
constructed in order to be placed after CMB scales (N = 0) and before the
end of inflation (N = 55). In addition, recall that under the SR approxi-
mation, the tensor-to-scalar-ratio at CMB scales reads as r = 16H , i.e. a
suppression of r is expected for the Transient model in comparison with the
canonical quadratic scenario for the same value of ns. Consequently, such a
Inflation in scalar-vector-tensor theories 69
1 5 10 50 100 500
efolds N
0.00
0.01
0.02
0.03
0.04
² H
m2φ2
G3 6= 0
Transient model
Figure 4.2: Slow-roll parameter H = −H˙/H2 for three different models: the
canonical quadratic potential V (φ) = m2φ2/2 (dotted, orange), the quadratic po-
tential plus G3(φ,X) = −X/(2M3) (dash-dotted, green), and a transient model
given by G3(φ,X) = −X [1 + tanh ((φ− φr)/d)] /(2M3) with {M,m, φr, d} ={
1.303× 10−4, 2.58× 10−6, 13.87, 0.086}. The hyperbolic tangent provides a mechanism
to switch off the contribution of the G3 term and thus to transition to the canonical
regime. As a consequence, the transient model safely reheats the Universe and suppresses
the tensor to scalar ratio, r = 16H , at CMB scales (N = 0)—the plot is normalized
such as in both canonical and transient models inflation ends at N = 55. However, CMB
scales for the model in green lie at N ∼ 500, i.e. the suppression of r in such a model is
small. See Ref. [4] for details.
transient model is able to reconcile chaotic inflation with observations and
avoid Laplacian instabilities (see [4] for details).
4.3 Inflation in scalar-vector-tensor theories
The background EoM and the quadratic actions of primordial scalar,
vector and tensor perturbations for the SVT theories, Eq. (4.14), were fully
computed in Ref. [223] and are shown in Appendix §B. Here, we shall review
their consequences on inflation by constructing a simple model, yet with
phenomenological implications, with a scalar-vector coupling of the form
Aµ∇µφ. As we shall see, the longitudinal vector is able to affect the cosmic
expansion during inflation which will be translated into a suppression of the
tensor-to-scalar ratio for large-field models [5].
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4.3.1 Inflation with mixed helicities
The scalar-vector-tensor theories allow for extra interactions in the form
of scalar-vector mixings. In the context of inflation, the vector field is able
to modify the dynamics of the expansion driven by the scalar field and,
consequently, the predictions for a given potential function V (φ). As it can
be noticed from Eq. (4.14), a scalar-vector mixing can be included in several
different forms. Among these possible forms, the simplest one is given by
X2 = −Aµ∇µφ/2, already present in f2. This term is genuine, coming from
the helicity decomposition provided by the Stueckelberg trick and therefore
it is interesting to study the dynamics it offers when added to a canonical
model of inflation.
We then focus here on a model of inflation driven by a helicity-0 mode,
φ, mixed with a helicity-1 mode, Aµ, where both fields are allowed to prop-
agate, i.e. the vector kinetic and self-interaction terms are included. 14 The
action then reads as
Smix =
∫
d4x
√−g
[1
2R + F +X1 − V (φ) + βmMX2 + βAM
2X3
]
, (4.35)
where we recall that
X1 = −12∇µφ∇
µφ , X2 = −12A
µ∇µφ , X3 = −12AµA
µ , (4.36)
and where M is the positive, constant vector mass, and βm and βA are
dimensionless constants. The equations of motion, computed on a FLRW
spacetime metric (1.4), with a compatible vector profile Aµ = (A0(t), 0, 0, 0)
and a homogeneous scalar field φ(t), read as
3H2 − 12 φ˙
2 − V (φ) + 12βAM
2A20 = 0 , (4.37)
2H˙ + φ˙2 + 12βmMφ˙A0 = 0 , (4.38)
φ¨+ 3Hφ˙+ V,φ +
1
2Mβm
(
A˙0 + 3HA0
)
= 0 , (4.39)
2βAMA0 + βmφ˙ = 0 . (4.40)
Notice that we now have a fourth EoM corresponding to the variation of the
action with respect to A0. Interestingly enough, Eq. (4.40) tells us that the
ratio A0/φ˙ remains constant during the evolution, as depicted in Fig. 4.3.
This fact allows us to substitute φ˙ ∝ A0 into Eqs. (4.37)-(4.39) and to
introduce the parameter
β ≡ 1− β
2
m
4βA
, (4.41)
14Recall, however, that F = −FµνFµν/4 does not contribute to the dynamics on a FLRW
spacetime due to the conformal invariance of the Maxwell Lagrangian.
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Figure 4.3: Background evolution of the temporal mode A0 and the scalar-field velocity
φ˙, by the end of inflation (N = 55) and during reheating, computed for the model given
in Eq. (4.35) and for the potential given in Eq. (2.38) with αc =
√
6/3. Notice that, as
expected from Eq. (4.40), the ratio A0/φ˙ remains constant during the whole evolution.
for convenience, as we shall see. Furthermore, we can define a rescaled field
ϕ in terms of β as
dϕ =
√
βdφ , (4.42)
and rewrite the EoM as
3H2 − 12 ϕ˙
2 − V (ϕ) = 0 , (4.43)
2H˙ + ϕ˙2 = 0 , (4.44)
ϕ¨+ 3Hϕ˙+ V,ϕ = 0 , (4.45)
i.e. the proportionality between A0 and φ˙ leads to an effective single-field
dynamics driven by the ϕ field—therefore the computation of the power
spectra can be easily performed using the standard SR approximation.
The conditions for the avoidance of scalar ghosts, worked out in Ref. [223]
for the full Lagrangian, trivially provide the constraint 4βA > β2m ≥ 0 for
this model and, consequently, β lies in the range 0 < β ≤ 1 (see Eq. (4.41)).
The deviation of β from unity, induced by a nonvanishing scalar-vector mix-
ing, makes the rescaled field ϕ to evolve slower compared to the inflaton
field φ, which in turns makes the expansion shorter—there are fewer efolds
N for the same field excursion—as seen from Fig. 4.4. This has impor-
tant consequences on the inflationary observables. Namely, in order to have
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Figure 4.4: Number of efolds of inflation dN = Hdt, as a function of time rescaled by
the vector mass M , for the same specifications than those in Fig. 4.3. Notice that for a
nonvanishing scalar-vector mixing, mediated by βm, the expansion is shorter; regarding
the inflationary observables, a shorter expansion would require to start the inflaton’s
evolution from a flatter part of the potential in order to have enough inflation which, in
turn, translates into a suppression of the tensor-to-scalar ratio r (see [5]).
enough inflation, the field ϕ needs to evolve from a flatter part of the po-
tential V (ϕ) which will produce a suppression on the tensor-to-scalar ratio
r specially noticeable for small-field models—while small-field models cur-
rently satisfy the CMB bounds on r, they could be in tension in the near
future and thus a scalar-vector-mixing model may reconcile such potential
with observations (see Ref. [5] for details).
The complete, general quadratic actions for scalar, vector and tensor per-
turbations, along with the conditions for the avoidance of ghosts and Lapla-
cian instabilities for the theory in Eq. (4.14), were computed in Ref. [223]
(which we omit to show here for brevity), whereas their particularizations
for the model in Eq. (4.35) were computed in Ref. [5], as well as the power
spectra for the three helicity modes and the predictions for several infla-
tionary potentials; and thus we refer the interested reader to these works
for details. Further studies concerning the epoch of reheating, imprints on
higher correlation functions and more complicated mixings with potential
new phenomenology as, for instance, a non-negligible amplitude of vector
perturbations, are expected to be carried out in the near future.
CHAPTER 5
Generalized Slow-Roll Approximation
In §2.1.1 we discussed the conditions required for a successful period
of inflation—in doing so, we defined the slow-roll parameters H and ηH ,
Eqs. (2.5) and (2.23). The condition H  1 is required so the evolution
remains close to de Sitter and inflation does not end earlier than expected;
whereas |ηH(= −δ1)|  1 ensures that the evolution of H is slow, which
is usually understood as a requirement for the inflaton’s slow evolution,
needed for a sufficient amount of inflation.
Satisfying the slow-roll conditions unwittingly defines a hierarchy of the
so-called Hubble slow-roll parameters
δp ≡ 1
Hpφ˙
(
d
dt
)p+1
φ , (5.1)
where a given parameter δp is of order O(pH). This hierarchy is helpful to
obtain approximative solutions of the Mukhanov-Sasaki equation (2.56), as
discussed in §2.4.3. Furthermore, a consequential hierarchy of inflationary
observables, ns − 1 = O(H), αs = O(2H), βs = O(3H), etc., is implicitly
defined (see Eqs. (2.83)). As discussed in §2.4.4, this hierarchy of obser-
vational parameters is compatible with the current data (given the large
uncertainties on both αs and βs), however, it is not really required by the
observations. Furthermore, it is not a consequence of the slow-roll (SR) ap-
proximation either. Interpretations of the aforementioned CMB constraints
in terms of the slow-roll parameters could then provide misleading results,
even so at second-order in the SR approximation which is usually assumed
to be more accurate.
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Features in the inflationary potential V (φ) translate into oscillations or
other type of glitches in the primordial power spectra. These features leave
the spectra nearly scale-invariant although no longer scale-free [224–229].
Consequently, treating models of this sort with the standard SR approxi-
mation is known to fail, even in canonical inflation, due to large local1 tilt
and running of the tilt (being equivalently to a large |δ1|), i.e. numerical
integration of the mode-function equation is usually performed.
In this chapter, we review the Generalized Slow-Roll (GSR) approxi-
mation, which was developed to overcome the deficiencies of the standard
SR approximation. Here, the evolution of the first slow-roll parameter H ,
sourced by features, is only assumed to be small in amplitude, i.e. noth-
ing is assumed for its frequency. Conversely, if their frequency is of order
∆N ≥ 1, a Taylor expansion of the sources around an optimized horizon
exit epoch leads to analytical expressions for the power spectra observables
with a correct order counting of the slow-roll parameters. This approach is
named Optimized Slow-Roll (OSR). In addition, we shall assume a general
scalar-tensor background given by the Horndeski framework, Eq. (4.5), for
which the mode-function evolution equations are given by Eq. (4.34).2
For convenience, we define several new variables: a rescaling of the mode
functions
y =
√
2cs,tkus,t , (5.2)
a horizon epoch x, in terms of the sound horizons ss,t,
x ≡ kss,t , ss,t(N) ≡
∫ Nf
N
cs,t
aH
dN , (5.3)
and the source functions
fs ≡ 2pizs√csss =
√
8pi2 bsHcs
H2
aHss
cs
,
ft ≡ 2pizt√ctst =
√
2pi2 btct
H2
aHst
ct
, (5.4)
for scalars and tensors, respectively. In terms of these variables, the Mukhanov-
Sasaki equation (4.34), can be written as
d2y
dx2 +
(
1− 2
x2
)
y = f
′′ − 3f ′
f
y
x2
, (5.5)
1At a specific scale k.
2The original GSR approximation was developed by E. Stewart [230] in the framework
of canonical inflation to remove the assumptions yielding to the hierarchy of the in-
flationary observables. However, this approximation still required |ηH |  1 and thus
only applied for small deviations from scale-invariance. The techniques reviewed in this
chapter were developed to improve the original GSR and later extended to noncanonical
models.
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where primes will represent derivatives with respect to ln x along this chap-
ter. As it can be noticed, Eq. (5.5) resembles the mode-function equation
in de Sitter space, Eq. (2.62), with an extra term sourced by the function
g(x) = f
′′ − 3f ′
f
. (5.6)
Therefore, g(x) encodes all the deviations from the de Sitter solution due
to excitations of the source functions f . Bear in mind that so far we have
not made any assumption for the evolution of H or the other slow-roll pa-
rameters and therefore, in these variables, the dimensionless power spectra,
Eqs. (2.65), are given by
∆2ζ,γ = limx→0
∣∣∣∣∣
(
xy
f
)
s,t
∣∣∣∣∣
2
. (5.7)
Notice now that in the case where the source function f remains nearly con-
stant, the scalar and tensor power spectra, to the lowest order in excitations,
approximate to [145]
∆2ζ ≈
1
f 2s
≈ H
2
8pi2Hcsbs
, ∆2γ ≈
1
f 2t
≈ H
2
2pi2ctbt
, (5.8)
which correspond to the de Sitter results for the spectra in the Horndeski
background [231].
5.1 Generalized Slow-Roll
Equation (5.5) can be solved using Green function techniques provided
that the amplitude of f remains small, i.e. the solution does not deviate
considerably from the de Sitter solution, the Bunch-Davies vacuum,
y0(x) =
(
1 + i
x
)
eix . (5.9)
Again, this requirement only assumes small deviations of scale invariance
over an average of time, but nothing on the local tilt. The formal solution
to Eq. (5.5) then reads as
y(x) = y0(x)−
∫ ∞
x
du
u2
f ′′ − 3f ′
f
y(u)Im [y∗0(u)y0(x)] , (5.10)
from which we can replace y → y0 on the right-hand side and iteratively
improve the solution order by order in deviations from de Sitter. To first
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order we obtain,3
ln ∆2ζ,γ(k) ≈ G(ln x∗) +
∫ ∞
x∗
dx
x
W (x)G′(ln x) ,
≈ −
∫ ∞
0
dx
x
W ′(x)G (ln x) ,
(5.11)
where x∗  1 and integration by parts was performed in the second line.
Furthermore, G(ln x) is a source function that now encodes all the deviations
from the de Sitter solution, written as
G ≡ −2 ln f + 23 (ln f)
′ , (5.12)
and W (x) is a window function given by
W (x) = 3 sin(2x)2x3 −
3 cos(2x)
x2
− 3 sin(2x)2x , (5.13)
which determines the freezout of the mode functions [134].
Equation (5.11) is known as the Generalized Slow-Roll formula. It still
requires numerical integration, though it is more computationally efficient
than solving Eq. (4.34). Moreover, the source function G can be used as
a model-independent mean to connect observational constraints with any
inflationary model that belongs to the effective field theory class [232,233].
In addition, the tilts ns,t and the higher-order running parameters can also
be efficiently computed by taking derivatives of Eq. (5.11) with respect to
the scale k, whereas the tensor-to-scalar ratio is computed in the standard
way, using Eq. (2.89).
5.2 Optimized Slow-Roll
In the GSR expansion, Eq. (5.11), local scale-dependence of the power
spectra is encoded in a nonvanishing G′(ln x). The condition for small
departures from the de Sitter solution then implies that the average of G′,
over several efolds, is of order O(1/N), which is consistent with CMB and
LSS observations where N ∼ 55. On the other hand, as previously stated,
the sources are allowed to vary on a shorter scale ∆N and, consequently,
G′′ = O(1/∆N)G′. In general, there exists a hierarchy of G(p) functions
given by
G(p) ≡ d
pG
d ln xp = O
( 1
N∆Np−1
)
, (5.14)
3See, e.g., Refs. [134,144] for details and the formulas to second order in deviations from
the de Sitter background.
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which therefore can be distinguished from the standard O(1/Np) slow-roll
hierarchy.
It can be shown that the source in the GSR formula can be expanded
in Taylor series around the horizon exit epoch, provided that 1 . ∆N ≤ N
[144]. Compared with the usual SR approximation, this expansion creates
a hierarchy of parameters separated by 1/∆N rather than 1/N .4 For the
first-order GSR formula, the expansion reads as [144,145]
ln ∆2ζ,γ ≈ G(ln xf ) +
∞∑
p=1
qp(ln xf )G(p)(ln xf ) , (5.15)
where the qp(ln xf ) coefficients are given by
q1(ln xf ) = ln x1 − ln xf , ln x1 ≡ 73 − ln 2− γE , (5.16)
and
qp(ln xf ) =
p∑
n=0
cp−n
n! q
n
1 (ln xf ) , (5.17)
cp =
1
p! limz→0
dp
dzp
[
e−z(
7
3−γE) cos
(
piz
2
) 3Γ (2 + z)
(1− z)(3− z)
]
. (5.18)
Here, γE is the Euler-Mascheroni constant. The coefficients qp depend only
on the evaluation epoch xf and thus they do not depend on the inflationary
model and are equal for scalars and tensors.
5.2.1 Optimization
The sound horizon exit epoch corresponds to ln xf = 0, for which the
standard slow-roll results are recovered by truncating Eq. (5.15) to leading
order, i.e. ln ∆2 ≈ G(0). In this case, the next-to-leading (NLO) order
slow-roll (SR) correction (p = 1) is suppressed by q1(0)/∆N .
However, we can improve the truncation of Eq. (5.15) by optimizing the
evaluation point xf . For instance, notice that q1(ln xf ) vanishes for xf = x1
and therefore the NLO order correction vanishes as well. The first correction
would then come from the next-to-next-to-leading (NNLO) order optimized
(OSR) correction q2(ln x1)/∆N2.
For large features, ∆N ∼ N , both NLO SR and NNLO OSR corrections
are small and thus the leading-order solutions are accurate enough, as ex-
pected. On the other hand, if the sources vary, for instance, as ∆N ∼ 3,
4For ∆N ∼ 1 numerical integration is needed, either by exactly solving the Mukhanov-
Sasaki equation (4.34) or by performing the GSR approximation by means of Eq. (5.11).
On the other hand, if ∆N  1, the hierarchy is inverted and different techniques can
be performed (see [234]).
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the first SR correction (NLO) is expected to be of 35%, as usual, whereas
the first OSR correction (NNLO) is just about 4%. Consequently, more
accurate approximations for the observables are obtained by optimizing the
evaluation point xf . Since ln x1 ≈ 1.06, notice that the optimization cor-
responds to evaluate the observables at around ∼ 1 efold before the sound
horizon exit.
We can therefore establish the p-th order optimization by fixing the
evaluation epoch to be ln xf = ln xp+1, so that the next-order correction
identically vanishes as a consequence of the qp+1(ln xp+1) = 0 solution.
The tilts and the higher order running parameters can be obtained by
differentiating Eq. (5.15) and using the fact that [144,145]
dG(p)(ln xf )
d ln k = −G
(p+1)(ln xf ) . (5.19)
Therefore the first observables read, to leading order, as d ln ∆2/d ln k ≈
−G′(ln xf ) and α ≈ G′′(ln xf ). As previously stated, this implies a hierarchy
of the G(p) functions defined by Eq. (5.14). However, it is more convenient
to relate the observables to the standard Hubble slow-roll parameters.
5.2.2 Correspondence to the Hubble slow-roll param-
eters
In the context of a general scalar tensor theory, parametrized by H =
−d lnH/dN and the normalization factors c2s,t and bs,t, the Hubble slow-roll
parameter convention is given by the hierarchies5
δ1 ≡ 12
d ln H
dN − H , δp+1 ≡
dδp
dN + δp (δ1 − pH) ,
σi,1 ≡ d ln cidN , σi,p+1 ≡
dσi,p
dN , (5.20)
ξi,1 ≡ dln bidN , ξi,p+1 ≡
dξi,p
dN ,
where here i = s, t and p ≥ 1.
The previously stated assumptions, G′ = O(1/N) andG(p+1) ∼ O(1/∆N)G(p),
then fix the expectations for the slow-roll parameters as
{G′, H , δ1, σi,1, ξi,1} = O
( 1
N
)
,{
G(p+1), δp+1, σi,p+1, ξi,p+1
}
= O
( 1
N∆Np
)
.
(5.21)
5Consistent with the Horndeski theory parametrization (§4.1.1.1), for which the normal-
ization factor are given in Eqs. (B.16). However, the OSR approximation holds for more
general theories belonging to the effective field theory class, see Ref. [145] for details.
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Therefore, a relation between theG(p) functions and the slow-roll parameters
can be established by means of Eq. (5.12), using Eqs. (5.4). In doing so,
a convention regarding the expansion in inverse powers of N and ∆N is
adopted, namely, expressions are expanded up to O(1/N2), i.e. terms of
order O(1/N∆Np) are kept but notO(1/N2∆Np) terms (see Refs. [144,145]
for details).
The first order optimized slow-roll formulas, in terms of the slow-roll
parameters, then read as [145]
ln∆2ζ ' ln
(
H2
8pi2bscsH
)
− 103 H −
2
3δ1 −
7
3σs1 −
1
3ξs1
∣∣∣∣
x=x1
,
ns − 1 ' −4H − 2δ1 − σs1 − ξs1 − 23δ2 −
7
3σs2 −
1
3ξs2
∣∣∣∣
x=x1
, (5.22)
αs ' −2δ2 − σs2 − ξs2 − 23δ3 −
7
3σs3 −
1
3ξs3 − 8
2
H − 10Hδ1 + 2δ21
∣∣∣∣
x=x1
,
for scalar, and
ln∆2γ ' ln
(
H2
2pi2btct
)
− 83H −
7
3σt1 −
1
3ξt1
∣∣∣∣
x=x1
,
nt ' −2H − σt1 − ξt1 − 73σt2 −
1
3ξt2
∣∣∣∣
x=x1
, (5.23)
αt ' −σt2 − ξt2 − 73σt3 −
1
3ξt3 − 4
2
H − 4Hδ1
∣∣∣∣
x=x1
,
for tensor perturbations. Notice then that the OSR approximation intro-
duces corrections to the standard slow-roll results, Eqs. (5.8), even at lead-
ing order, aided by the different and optimized evaluation point x = x1.
Furthermore, the OSR expressions (5.22) can accurately relate inflationary
models to the standard power-law, Eq. (2.84), in cases when |αs| is of order
|ns − 1|, unlike the traditional second-order SR approximation [4, 144].
Finally, the tensor-to-scalar ratio can be computed in the standard way
through Eq. (2.89). Note however that it is taken at fixed scale k which in
general corresponds to an evaluation point x = x1 at two different epochs
N due to the different sound speeds c2s and c2t for scalars and tensors, re-
spectively.
The efficiencies of the GSR and OSR approximations have been tested
and compared to the standard leading and NLO SR approximation for mod-
els with features in the potential as well as for noncanonical models as G-
inflation (see, e.g., Refs. [4, 138, 139, 142, 144, 235]) and have been further
extended for the computation of the bispectrum [136,236–238].
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In the following, we present two appendices which complement some
of the topics discussed in this Part I: the Cosmological perturbation theory
(Appendix A) sets the basis for the calculations performed in §2.4, whereas
Appendix B provides the complete set of equations of motion for the theo-
ries discussed in §4.
After these appendices, Part B.2 contains the publications where the
main original research developed during the realization of this thesis is pre-
sented.
APPENDIX A
Cosmological perturbation theory
In this appendix we review the cosmological perturbation theory for a
FLRW spacetime. We start by defining the group of gauge transformations—
coordinate changes—that a given perturbation is subject to. Then, start-
ing from the most general perturbed FLRW metric, we explicitly show the
scalar, vector and tensor perturbations composing the perturbed line ele-
ment, as well as the perturbations composing the energy-momentum tensor
of an ideal fluid, as the one described in §1. We later describe how these
perturbations transform under the gauge transformations and thus we com-
pute the gauge-invariant variables used in §2, relevant for the inflationary
theory. Here we mainly follow Refs. [15, 60, 132] and, for the sake of sim-
plicity, we will work only to first-order in perturbations—which suffices for
the computation of the power spectrum of primordial perturbations (the
computation of the bispectrum requires going to second order, however we
do not discuss it in this thesis).
A.1 Gauge transformations
Now that we want to study perturbations living in a spacetime, the
choice of a coordinate system is not as straightforward as in an homoge-
neous universe. In the latter, we were used to define the threading—curves
of constant spatial coordinates xi—as curves corresponding to the motion
of free-falling observers with zero momentum density, and the slicing—
hypersurfaces of constant time t—corresponding to a homogeneous universe.
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When perturbations are present, there is no preferred coordinate system
anymore and, furthermore, the threading and slicing choice is not unique.
This implies that we would be defining the perturbations by specifying the
coordinates. It is then important for Cosmology to find how perturbations
transform under a change of coordinates—a gauge transformation—and to
study the evolution of gauge-invariant variables in order to avoid ambiguities
due to a given gauge choice.
In general, any quantity can be split in its background component and
its perturbations as
T (t, xi) = T (t) + δT (t, xi)
= T (t) +
∞∑
n=1
(
n
n!
)
δT(n)(t, xi) ,
(A.1)
where overlines represent unperturbed background quantities and n repre-
sents the order of the perturbation. Furthermore, T (t, xi) transforms under
a gauge transformation as
T˜ = e£ξT , (A.2)
where £ denotes a Lie derivative with respect to an auxiliary vector field
ξ generating the transformation.1 Under such a transformation, the right-
hand side of Eq. (A.1) transforms as
T˜ =
(
1 + 1£ξ1 +
1
2
2£2ξ1 +
1
2
2£2ξ2 +O(3)
) [
T + 1δT(1) +
1
2
2δT(2) +O(3)
]
=T + 1
(
δT(1) +£ξ1T
)
+ 2
(1
2δT(2) +£ξ1δT(1) +
1
2£
2
ξ1T +
1
2£ξ2T
)
+O(3) .
(A.3)
Then, it is evident that background quantities are gauge invariant, whereas
first- and second-order perturbations transform as
δ˜T (1) = δT(1) +£ξ1T , (A.4)
δ˜T (2) = δT(2) +£ξ2T +£2ξ1T + 2£ξ1δT(1) . (A.5)
Notice that the specific form of the Lie-derivative terms depends on whether
the perturbation is a scalar, a vector or a tensor.
Lie derivatives
The Lie derivatives with respect to the vector field ξµ applied to a scalar
ϕ, a covariant vector vµ and a covariant tensor tµν are given, respectively,
by [132]
£ξϕ = ϕ,αξα , (A.6)
1The gauge transformations form a Lie group with an associated Lie algebra of group
generators [132].
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£ξvµ = vµ,αξα + vαξα,µ , (A.7)
£ξtµν = tµν,αξα + tµαξα,ν + tανξα,µ , (A.8)
where we recall that the notation ,α ≡ ∂/∂xα is used.
In the following, we shall define the cosmological perturbations and ap-
ply the transformation rules obtained here to them, where we will keep the
analyses to first-order in perturbations.
A.2 Metric perturbations
We start by reviewing the metric perturbations of a FLRW line element
given by
ds2 =
(
gµν + δgµν
)
dxµdxν , (A.9)
where gµν(t) is the homogeneous FLRW metric given in Eq. (1.4) and
δgµν(t, xi) is composed by the perturbations. Therefore, the most general
first-order perturbed FLRW metric can be written as
ds2 = − (1 + 2Φ) dt2 + 2aBidxidt+ a2 [(1− 2Ψ) δij + Eij] dxidxj . (A.10)
Here Φ—the lapse, which specifies the relation between t and the proper
time along the threading—and Ψ—the spatial curvature perturbation—are
3-scalars, whereas the vector and tensor perturbations Bi—the shift, which
specifies the velocity between the threading and the worldlines orthogonal
to the slicing—and Eij—the shear—can be further decomposed as2
Bi ≡ B,i − S,i , where S ,ii = 0 , (A.11)
and
Eij ≡ 2E,ij + Fi,j + Fj,i + hij , where F ,ii = 0 , hii = 0 , h ,iij = 0 .
(A.12)
Consequently, we have defined two more scalar perturbations, B and E,
two vector perturbations, Si and Fi, with zero divergence, and a 3-tensor
perturbation hij that is traceless and transverse.
Gauge transformations of metric perturbations
Using the gauge transformation properties obtained in §A.1, we now
explicitly show how the scalar metric perturbations Φ, B, Ψ and E trans-
form to first order. Conversely, one can show that vector perturbations Si
2This is called the scalar-vector-tensor decomposition of perturbed quantities into differ-
ent helicity modes: scalar, vector and tensor perturbations have helicity 0, ±1 and ±2,
respectively. Perturbations of different helicity evolve independently and thus they can
be studied separately.
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and Fi decay very quickly during the expansion and they are actually not
produced during inflation [16]. Furthermore, the tensor perturbation hij is
gauge invariant— it does not change under coordinate transformations [15].
For scalar perturbations then, the perturbed metric components are
given as
δg00 = −2Φ , (A.13)
δg0i = aB,iΦ , (A.14)
δgij = −2a2 (Ψδij − E,ij) , (A.15)
which transform to first order, according to Eq. (A.4), as
δ˜g00 = δg00 − 2α˙ , (A.16)
δ˜g0i = δg0i − α,i + a2β˙,i , (A.17)
δ˜gij = δgij + a2 [2Hαδij + 2β,ij] , (A.18)
where we have decomposed the generating vector as ξµ = (ξ0, ξi) ≡ (α, β,i+
γi), and set γi = 0. Equations (A.16)-(A.18) give the transformation of each
of the scalar perturbations respectively as
Φ˜ = Φ + α˙ , (A.19)
B˜ = B − a−1α + aβ˙ , (A.20)
Ψ˜ = Ψ−Hα , (A.21)
E˜ = E + β . (A.22)
A.3 Matter perturbations
We consider perturbations present in an ideal fluid characterized by its
energy density ρ, pressure p, 4-velocity uµ and anisotropic stress Σµν . Recall
that the 4-velocity obeys gµνuµuν = −1 and its only nonvanishing back-
ground components are u0 = −u0 = 1. Therefore we write the perturbed
4-velocity to first order in perturbations, using Eq. (A.10), as
u0 = u0 + δu0 = 1− Φ , u0 = u0 + δu0 = −1− Φ , (A.23)
and
ui = δui = 1
a
(
vi −Bi
)
, ui = δui = avi , (A.24)
where the linear perturbation vi is the physical velocity of the fluid (defined
with respect to its proper time).
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Furthermore, the energy density and pressure can be split in the stan-
dard way as
ρ(t, xi) = ρ(t) + δρ(t, xi) , p(t, xi) = p(t) + δp(t, xi) . (A.25)
With these definitions, we can construct the perturbed energy momen-
tum tensor, T µν = (ρ+ p)uµuν + pδµν + Σµν , to first order, as
T 00 = − (ρ+ δρ) , (A.26)
T 0i = (ρ+ p) avi , (A.27)
T i0 = −
1
a
(ρ+ p)
(
vi −Bi
)
, (A.28)
T ij = (p+ δp) δij + Σij . (A.29)
The anisotropic stress tensor Σµν vanishes for the homogeneous FLRW Uni-
verse and, furthermore, it is constrained by Σµνuν = 0 and Σµµ = 0, i.e. only
its spatial components are nonzero and define a perturbation.
Gauge transformations of matter perturbations
In a very similar way as for the metric scalar perturbations, the energy
density, pressure and momentum density perturbations transform as
δ˜ρ = δρ+ ρ˙α , (A.30)
δ˜p = δp+ p˙α , (A.31)
δ˜q = δq − (ρ+ p)α , (A.32)
where the momentum density perturbation was defined as (δq),i ≡ (ρ+ p) vi.
Furthermore, the anisotropic stress Σij is gauge invariant.
Analogously, a scalar particle field decomposed as φ = φ+δφ transforms
to first order as
φ˜ = φ+ δφ(0) + φ˙α . (A.33)
Finally, we consider a vector field Aµ = (A0, Ai). This field could be
present during inflation and play some role in the evolution. We split its
temporal and spatial components as
A0 = −A+ δA , Ai = ψ,i , (A.34)
in which case, the new scalar perturbations transform according to Eq. (A.4)
as
δ˜A = δA− A˙0α + A0α˙ , ψ˜ = ψ + A0α . (A.35)
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A.4 The primordial curvature perturbation
We have defined the transformation rules for metric and matter pertur-
bations. However, it is desirable to study the evolution of gauge-invariant
variables instead of keeping track of the full set of perturbations plus the
generators α and β, once a particular threading and slicing is defined.
By studying only gauge-invariant combinations of these perturbations, we
can avoid fictitious perturbations or avoid to remove real ones—as James
Bardeen stated: ‘only quantities that are explicitly invariant under gauge
transformations should be considered.’
A.4.1 Gauge invariant variables
The first two gauge invariant combinations are called Bardeen potentials
and are written as [239]
ΦB ≡ Φ− ddt
[
a2
(
E˙ − B
a
)]
, (A.36)
ΨB ≡ Ψ + a2H
(
E˙ − B
a
)
. (A.37)
One can see that ΦB and ΨB are invariant under gauge transformations,
i.e. a change of coordinates. Furthermore, if both are equal to zero, then
metric perturbations, if present, must be fictitious.
Regarding matter perturbations, we define the following gauge-invariant
combinations:
−ζ ≡ Ψ + H
ρ˙
δρ , (A.38)
R ≡ Ψ− H
ρ+ pδq , (A.39)
where ζ is the curvature perturbation on uniform density hypersurfaces,
whereas R is the comoving curvature perturbation. In the following, we
shall see that ζ is conserved after inflation and, therefore, its power spec-
trum Pζ directly relates the CMB statistical properties with the physics of
inflation. ζ is therefore called the primordial curvature perturbation.
A.4.2 Einstein equations
Matter perturbations in a curved spacetime backreact creating geometric
perturbations. Consequently, the Einstein equations (1.9), written as
δRµν − 12δgµνδR = δTµν , (A.40)
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determine the evolution of the perturbations previously defined.
The evolution of a given perturbation is usually described in Fourier
space, where each perturbed quantity can be decomposed as
δT (t, ki) =
∫
d3xiδT (t, xi)e−ikixi , (A.41)
where, due to translation invariance, different wavenumbers k evolve inde-
pendently at linear order [60].
Scalars
In Fourier space, the Einstein equations can then be written as [55,60]
3H
(
Ψ˙ +HΦ
)
+ k
2
a2
[
Ψ +H
(
a2E˙ − aB
)]
= −12δρ , (A.42)
Ψ˙ +HΦ = −12δq , (A.43)
Ψ¨ + 3HΨ˙ +HΦ˙ +
(
3H2 + 2H˙
)
Φ = 12
(
δρ− 23k
2δΣ
)
, (A.44)
(ΨB − ΦB) = a2δΣ . (A.45)
In addition, the energy-momentum conservation gives the continuity equa-
tion and the Euler equation as
δ˙ρ+ 3H (δρ+ δp) = k
2
a2
δq + (ρ+ p)
[
3Ψ˙ + k2
(
E˙ − B
a
)]
, (A.46)
δ˙q + 3Hδq = −δp+ 23k
2δΣ− (ρ+ p) Φ . (A.47)
Using Eq. (A.38), Eq. (A.46) can be written as
ζ˙ = −H δpen
ρ+ p +
k2
3H
[
E˙ − B
a
+ δq
a2 (ρ+ p)
]
, (A.48)
where we have introduced
δpen ≡ δp− p˙
ρ˙
δρ , (A.49)
which measures the non-adiabatic part of the pressure perturbation. In
inflation, perturbations are adiabatic in general, i.e. δpen vanishes; further-
more, on superhorizon scales where k/(aH) 1, the second term vanishes
as well, i.e. the curvature perturbation ζ remains constant after inflation
until scales enter the again the horizon. Consequently, and because the en-
ergy density during inflation is δρ ∼ δφ, we are interested in computing the
primordial power spectrum of
− ζφ ' Ψ + H
φ˙
δφ , (A.50)
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at horizon exit k ∼ aH, and ignore the subsequent physics.
In the same way, one can define the curvature perturbation ζψ for the
scalar component of a vector field Ai as
− ζψ ' Ψ + H
A0
ψ , (A.51)
and, furthermore, define a total curvature perturbation in the case in which
both fields, φ and Aµ, are playing a role in the inflationary dynamics, as
− ζ = Ψ− H
(
φ˙δφ+ A0ψ
)
φ˙2 + A20
, (A.52)
which is analogous to a two-field model of inflation [132].
Vectors
The evolution equations for vector perturbations are sourced by an
anisotropic stress perturbation δΣi and are given by
δ˙qi + 3Hδqi = k2δΣi , (A.53)
k2
(
F˙i +
Si
a
)
= 2δqi . (A.54)
However, δΣi is not created by inflation and, in its absence, δqi decays with
the expansion, i.e. the perturbation F˙i + Si/a vanishes. Therefore, vector
perturbations are, in general, subdominant.
Tensors
The evolution equation for the tensor perturbation hij is given by
h¨ij + 3Hh˙ij +
k2
a2
h = 0 , (A.55)
which is the equation for a gravitational wave. They are produced by in-
flation and, in the same way as vectors, they decay with the expansion;
however some models of inflation predict an observable amount of gravita-
tional waves during the recombination epoch, i.e. they can be distinguished
in the CMB polarization spectrum.
APPENDIX B
Equations of motion of general theories of gravity
In this appendix we show the equations of motion for the full Horndeski
and SVT theories in a FLRW spacetime. The former were first computed
in Ref. [209] whereas the latter can be found in Ref. [223].
B.1 Horndeski theory
We take a homogeneous scalar field φ = φ(t) and assume a flat FLRW
background with the line element given as
ds2 = −N2(t)dt2 + a2(t)δijdxidxj , (B.1)
to the action
SH =
∫
d4x
√−gLH , (B.2)
where LH is given by Eq. (4.5). The variation of Eq. (B.2) with respect to
N(t) gives the constraint equation
5∑
i=2
Ei = 0 , (B.3)
where
E2 =2XG2,X −G2 , (B.4)
E3 =2XG3,φ − 6Xφ˙HG3,X , (B.5)
E4 =− 6H2G4 + 24H2X (G4,X +XG4,XX)− 12HXφ˙G4,φX
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− 6Hφ˙G4,φ , (B.6)
E5 =2H3Xφ˙ (5G5,X + 2XG5,XX)− 6H2X (3G5,φ + 2XG5,φX) . (B.7)
The variation with respect to a(t) yields the evolution equation
5∑
i=2
Pi = 0 , (B.8)
where
P2 =G2 , (B.9)
P3 =2X
(
G3,φ + φ¨G3,X
)
, (B.10)
P4 =2
(
3H2 + 2H˙
)
G4 − 4
(
3H2X +HX˙ + 2H˙X
)
G4,X − 8HXX˙G4,XX
+ 2
(
φ¨+ 2Hφ˙
)
G4,φ + 4XG4,φφ + 4X
(
φ¨− 2Hφ˙
)
G4,φX , (B.11)
P5 =− 2X
(
2H3φ˙+ 2HH˙φ˙+ 3H2φ¨
)
G5X − 4H2X2φ¨G5,XX + 4HXφ˙G5,φφ
+ 4HX
(
X˙ −HX
)
G5,φX + 2
[
2
(
H˙X +HX˙
)
+ 3H2X
]
G5,φ .
(B.12)
Finally, the variation with respect to φ(t) gives the scalar-field equation
of motion
1
a3
d
dt
(
a3J
)
= Pφ , (B.13)
where
J =φ˙G2,X − 6HXG3,X + 2φ˙G3,φ + 6H2φ˙ (G4,X + 2XG4,XX)− 12HXG4,φX
+ 2H3X (3G5,X + 2XG5,XX)− 6H2φ˙ (G5,φ +XG5,φX) , (B.14)
Pφ =G2,φ + 2X
(
G3,φφ + φ¨G3,φX
)
+ 6
(
2H2 + H˙
)
G4,φ + 6H
(
X˙ + 2HX
)
G4,φX
− 6H2XG5,φφ + 2H3Xφ˙G5,φX . (B.15)
For the particular choice of G4 = 1/2 and G5 = 0, the above equations
reduce to the set of equations (4.26)-(4.28) corresponding to the G-inflation
model discussed in §4.2.2.
B.1.1 Normalization factors
Additionally, let us show the dependence on the Gi(φ,X) functions of
the normalization factors c2s,t and bs,t appearing in the quadratic actions of
primordial perturbations, Eqs. (4.29) and (4.30). As given in Ref. [209],
they read as
c2s,t =
Fs,t
Gs,t , bs =
Fs
H
, bt = 4Ft , (B.16)
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where
Fs = 1
a
d
dt
(
a
ΘG
2
t
)
−Ft , Gs = ΣΘ2G
2
t + 3Gt , (B.17)
and
Ft =2
[
G4 −X
(
φ¨G5,X +G5,φ
)]
,
Gt =2
[
G4 − 2XG4,X −X
(
Hφ˙G5,X −G5,φ
)]
,
Σ =XG2,X + 2X2G2,XX + 12Hφ˙XG3,X + 6Hφ˙X2G3,XX − 2XG3,φ
− 2X2G3,φX − 6H2G4 + 6
[
H2
(
7XG4,X + 16X2G4,XX + 4X3G4,XXX
)
−Hφ˙
(
G4,φ + 5XG4,φX + 2X2G4,φXX
)]
+ 30H3φ˙XG5,X + 26H3φ˙X2G5,XX
+ 4H3φ˙X3G5,XXX − 6H2X
(
6G5,φ + 9XG5,φX + 2X2G5,φXX
)
,
Θ =− φ˙XG3,X + 2HG4 − 8HXG4,X − 8HX2G4,XX + φ˙G4,φ + 2Xφ˙G4,φX
−H2φ˙
(
5XG5,X + 2X2G5,XX
)
+ 2HX (3G5,φ + 2XG5,φX) .
(B.18)
B.2 Scalar-vector-tensor theories
We assume the line element in Eq. (B.1) and consider homogeneous
scalar and vector field configurations, φ(t) and Aµ(t), the latter of which is
given by
Aµ(t) = (A0(t)N(t), 0, 0, 0) , (B.19)
where A0(t) is a time-dependent temporal vector component. Furthermore,
the quantities {F, Y1, Y2, Y3}, the last row of Eq. (4.14), corresponding to
the sixth-order Lagrangian L6, and the interactions proportional to Mµν5
and N µν5 , do not affect the background cosmology. 1 Finally, the quantities
X1, X2, X3 are given, respectively, by
X1 =
φ˙2
2N2 , X2 =
φ˙A0
2N , X3 =
A20
2 . (B.20)
With the above considerations, varying the action
SSVT =
∫
d4x
√−gLSVT , (B.21)
1Furthermore, the parity-violating term F˜ in f2, Eq. (4.14), is not considered in this
chapter as it was originally not considered in Ref. [223] for simplicity.
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on the spacetime metric (B.1), with respect to N gives the constraint equa-
tion
6f4H2 + f2 − φ˙2f2,X1 −
1
2 φ˙A0f2,X2 + 6H
(
φ˙f4,φ −HA20f4,X3
)
+2A0H2
(
3φ˙f5,φ − A20Hf5,X3
)
= 0 . (B.22)
Varying the action (B.22) with respect to the scale factor a(t) yields the
evolution equation
2f4
(
2H˙ + 3H2
)
+ f2 + 2A˙0A20
(
f3,X3 + f˜3
)
+ 2φ˙A0f3,φ + 2
(
φ¨+ 2Hφ˙
)
f4,φ
−2A0
[
A0
(
2H˙ + 3H2
)
+ 2A˙0H
]
f4,X3 + 2φ˙A˙0A0f4,X3φ + 2φ˙2f4,φφ
−4HA20
(
A˙0A0f4,X3X3 + φ˙f4,X3φ
)
+
[
2A0
(
Hφ¨+ H˙φ˙
)
+φ˙
(
2HA˙0 + 3H2A0
)]
f5,φ −HA20
[
2A0
(
H˙ +H2
)
+ 3A˙0H
]
f5,X3
+Hφ˙A20
(
2A˙0 −HA0
)
f5,X3φ +HA0
(
2φ˙2f5,φφ − A˙0A30Hf5,X3X3
)
= 0 .
(B.23)
The variation with respect to φ(t) gives the scalar-field equation of motion(
f2,X1 + φ˙2f2,X1X1 + φ˙A0f2,X1X2 +
1
4A
2
0f2,X2X2
)
φ¨+ 3Hf2,X1φ˙− f2,φ
+φ˙2f2,X1φ − 6
(
H˙ + 2H2
)
f4,φ +
[
1
2f2,X2 +
1
2 φ˙
2f2,X1X2 + 2f3,φ − 3H2f5,φ
+A0
(
φ˙f2,X1X3 +
1
4 φ˙f2,X2X2 − 6Hf4,X3φ
)
+ A
2
0
2
(
f2,X2X3 − 4f˜3,φ
−6H2f5,X3φ
)]
A˙0 +
[
1
2 φ˙f2,X2φ +
3
2Hf2,X2 + 6Hf3,φ − 6A0H
2f4,X3φ
−3H
(
2H˙ + 3H2
)
f5,φ − A20H3f5,X3φ
]
A0 = 0 ,
(B.24)
whereas the variation with respect to A0 gives the temporal-vector equation
of motion
2
(
f2,X3 + 6H2f4,X3 − 6Hφ˙f4,X3φ
)
A0 + 12H2f4,X3X3A30 + 2H3f5,X3X3A40
−2
(
6Hf3,X3 + 6Hf˜3 + 2φ˙f˜3,φ − 3H3f5,X3 + 3H2φ˙f5,X3φ
)
A20
+
(
f2,X2 + 4f3,φ − 6H2f5,φ
)
φ˙ = 0 .
(B.25)
Notice from Eqs. (B.24) and (B.24) that the scalar field φ and the tem-
poral vector component A0 are coupled to each other in a non-trivial way
(see Ref. [223] for an exhaustive discussion on the implications of this fact).
For the particular model in Eq. (4.35), Eqs. (B.22)-(B.25) simplify to those
given by Eqs. (4.37)-(4.40).
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In this work, we analyze two possible alternative and model-independent approaches to describe the
inflationary period. The first one assumes a general equation of state during inflation due to Mukhanov,
while the second one is based on the slow-roll hierarchy suggested by Hoffman and Turner. We find that,
remarkably, the two approaches are equivalent from the observational viewpoint, as they single out the
same areas in the parameter space, and agree with the inflationary attractors where successful inflation
occurs. Rephrased in terms of the familiar picture of a slowly rolling, canonically normalized scalar field,
the resulting inflaton excursions in these two approaches are almost identical. Furthermore, once the
Galactic dust polarization data from Planck are included in the numerical fits, inflaton excursions can safely
take sub-Planckian values.
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I. INTRODUCTION
Despite its impressive observational success, the infla-
tionary paradigm [1] is still lacking firm confirmation. The
crucial missing piece of evidence is the B-mode’s polari-
zation pattern imprinted in the cosmic microwave back-
ground (CMB) at recombination by the inflationary
stochastic gravitational waves (GWs). This observable is
usually parametrized through the tensor-to-scalar ratio
r≡ At=As, where At and As are the amplitudes of the
primordial tensor and scalar fluctuations,1 respectively, at
some pivot scale. The measurement of r is extremely useful
because its magnitude directly determines the inflationary
energy scale, when the modes observed now were stretched
out of the horizon [2]. An additional piece of information is
given by the scale dependence of the power spectrum of
inflationary GWs. The accurate measurement of this last
value would allow us to test the so-called standard infla-
tionary consistency relation nt ¼ −r=8 [3]. However, such
a measurement might turn out to be very challenging,
especially when the amplitude of the B-modes is small [4].
In view of that, the measurement of nt would entail an
additional experimental challenge that might or might not
be met in the future generation of CMB observations.
One could be led to conclude that perhaps testing the
inflationary consistency relation is not the best way to test
the inflationary paradigm in its simplest realization, i.e.
single-field slow-roll inflation. An alternative and easier
way might be to test the consistency relation in each model
of inflation, i.e. the relationship between r and ns in each of
the possible scenarios. For instance, the quadratic model
V ∝ ϕ2 predicts r ¼ −4ðns − 1Þ at first order in slow roll.
Such a consistency relation would be easier to test than the
former one [5], given the present and forecasted accuracy in
ns and r. However, despite this encouraging feature, this
approach is not model independent, as it assumes explicitly
an underlying scenario with a peculiar inflationary potential
to obtain results. On the other hand, more useful and robust
ways to formulate the tests of inflation should ideally be
model independent, capturing the generic features of
inflation, without committing to a specific scenario. Said
in other words, it would be more appealing to try to work
out the inflationary predictions in a model-independent
picture where the inflationary potential does not play a
crucial role. This will enable us to avoid treating inflation
on a case-by-case basis, but rather in a more general way. In
this work, we address this important issue by considering
two possible alternative model-independent approaches.
The recent BICEP2 claim of primordial GW detection
[6,7] underlined the difficulties faced when trying to extract
a primordial polarization signal from the ubiquitous
Galactic foregrounds. Despite the general excitement in
the community, soon after these results were released,
several studies carried out a reassessment of the level of
Galactic dust polarization in the BICEP2 field [8,9],
questioning the cosmological origin of the BICEP2 signal.
1The scalar and tensor amplitudes are given by
AsðkÞ ¼ As
!
k
k0
"
ns−1þ12αs lnð kk0Þ;
AtðkÞ ¼ At
!
k
k0
"
nt
;
where k0 is the pivot scale, and ns and nt are the scalar and tensor
spectral indices, respectively, while αs ≡ dns=d ln k is the
running of the scalar tilt.
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We examine the impact of a nonminimal coupling of the inflaton to the Ricci scalar, 12 ξRϕ
2, on
the inflationary predictions. Such a nonminimal coupling is expected to be present in the inflaton
Lagrangian on fairly general grounds. As a case study, we focus on the simplest inflationary model
governed by the potential V ∝ ϕ2, using the latest combined 2015 analysis of Planck and the
BICEP2=Keck Array. We find that the presence of a coupling ξ is favored at a significance of
99% C.L., assuming that nature has chosen the potential V ∝ ϕ2 to generate the primordial
perturbations and a number of e-foldings N ¼ 60. Within the context of the same scenario, we find
that the value of ξ is different from zero at the 2σ level. When considering the cross-correlation
polarization spectra from the BICEP2=Keck Array and Planck, a value of r ¼ 0.038þ0.039−0.030 is
predicted in this particular nonminimally coupled scenario. Future cosmological observations
may therefore test these values of r and verify or falsify the nonminimally coupled model explored
here.
DOI: 10.1103/PhysRevD.91.103004 PACS numbers: 98.70.Vc, 98.80.Cq
I. INTRODUCTION
Inflation provides the most theoretically attractive and
observationally successful cosmological scenario able to
generate the initial conditions of our Universe, while
solving the standard cosmological problems. Despite this
remarkable success, the inflationary paradigm is still
lacking firm observational confirmation. The picture that
emerges from the latest data from Planck, including also
the joint analysis of B-mode polarization measurements
from the BICEP2 Collaboration [1–4], is compatible with
the inflationary paradigm. According to these observa-
tions, structure grows from Gaussian and adiabatic
primordial perturbations. From the theoretical viewpoint,
this picture is usually understood as the dynamics of a
single new scalar degree of freedom, the inflaton, min-
imally coupled to Einstein gravity. However, the inflaton
ϕ is expected to have a nonminimal coupling to the Ricci
scalar through the operator 12 ξRϕ
2, where ξ is a dimen-
sionless coupling. Indeed, successful reheating requires
that the inflaton is coupled to the light degrees of
freedom. Such couplings, though weak, will induce a
nontrivial running for ξ. Thus, even starting from a
vanishing value of ξ (away from the conformal fixed
point ξ ¼ −1=6) at some energy scale, a nontrivial non-
minimal coupling will be generated radiatively at some
other scale (see e.g. Ref. [5]). Therefore, it is important to
study the impact of such a coupling on the inflationary
predictions, especially in view of the latest Planck
2015 data.
Generically, for successful inflation, the inflaton
should be very weakly coupled.1 It follows that the
magnitude of ξ is expected to be small. Yet, even with
such a suppressed coupling, the inflationary predictions
are significantly altered [6–16]. For instance, and as we
will see, a small and positive ξ can enlarge considerably
the space of phenomenologically acceptable scenarios
(see also [17]). In this paper, we will focus on the simplest
inflationary scenario with a potential V ∝ ϕ2 [18], and a
nonzero nonminimal coupling. According to the very
recent Planck 2015 full mission results, the minimally
coupled version of this scenario (i.e. ξ ¼ 0) is ruled out at
more than 99% confidence level [2,4], for 50 e-folds of
inflation. Nevertheless, the N ¼ 60 case is only moder-
ately disfavoured at 95% C.L. Thus, before discarding it
definitely from the range of theoretical possibilities, it is
worthwhile to explore this scenario in all generality
(considering as well different possibilities for the number
of e-folds), given that, as explained earlier, the presence
of nonminimal couplings in the inflaton Lagrangian is
quite generic.
1This requirement is also dictated by the nondetection of large
primordial non-Gaussianities [3] and the soft breaking of the shift
symmetry ϕ → ϕþ c, necessary to protect the flatness of the
potential.
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Abstract. The value of the tensor-to-scalar ratio r in the region allowed by the latest Planck
2015 measurements can be associated to a large variety of inflationary models. We discuss
here the potential of future Cosmic Microwave Background cosmological observations in
disentangling among the possible theoretical scenarios allowed by our analyses of current
Planck temperature and polarization data. Rather than focusing only on r, we focus as well
on the running of the primordial power spectrum, ↵s and the running thereof,  s. If future
cosmological measurements, as those from the COrE mission, confirm the current best-fit
value for  s & 10 2 as the preferred one, it will be possible to rule-out the most favoured
inflationary models.
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Abstract. The simple m2 2 potential as an inflationary model is coming under increasing
tension with limits on the tensor-to-scalar ratio r and measurements of the scalar spectral
index ns. Cubic Galileon interactions in the context of the Horndeski action can potentially
reconcile the observables. However, we show that this cannot be achieved with only a constant
Galileon mass scale because the interactions turn o↵ too slowly, leading also to gradient
instabilities after inflation ends. Allowing for a more rapid transition can reconcile the
observables but moderately breaks the slow-roll approximation leading to a relatively large
and negative running of the tilt ↵s that can be of order ns 1. We show that the observables
on CMB and large scale structure scales can be predicted accurately using the optimized
slow-roll approach instead of the traditional slow-roll expansion. Upper limits on |↵s| place
a lower bound of r & 0.005 and, conversely, a given r places a lower bound on |↵s|, both of
which are potentially observable with next generation CMB and large scale structure surveys.
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In the framework of effective field theories with prominent helicity-0 and helicity-1 fields coupled to
each other via a dimension-3 operator, we study the dynamics of inflation driven by the helicity-0 mode,
with a given potential energy, as well as the evolution of cosmological perturbations, influenced by the
presence of a mixing term between both helicities. In this scenario, the temporal component of the helicity-1
mode is an auxiliary field and canbe integrated out in terms of the time derivative of the helicity-0mode, so that
the background dynamics effectively reduces to that in single-field inflation modulated by a parameter β
associated to the coupling between helicity-0 and helicity-1modes.We discuss the evolution of a longitudinal
scalar perturbation ψ and an inflaton fluctuation δϕ, and we explicitly show that a particular combination of
these two, which corresponds to an isocurvature mode, is subject to exponential suppression by the vector
mass comparable to theHubble expansion rate during inflation. Furthermore, we find that the effective single-
field description corrected by β also holds for the power spectrum of curvature perturbations generated during
inflation.We compute the standard inflationary observables such as the scalar spectral indexns and the tensor-
to-scalar ratio r and confront several inflaton potentials with the recent observational data provided byPlanck
2018.Our results show that the coupling between helicity-0 and helicity-1modes can lead to a smaller value of
the tensor-to-scalar ratio especially for small-field inflationary models, so our scenario exhibits even better
compatibility with the current observational data.
DOI: 10.1103/PhysRevD.99.023505
I. INTRODUCTION
Inflation [1,2] provides a causalmechanism for generating
primordial density perturbations responsible for large-scale
structures of the Universe [3]. Moreover, the temperature
anisotropies observed in the cosmic microwave background
(CMB) are overall consistent with the prediction of the
inflationary paradigm [4–6]. It is anticipated that the possible
detection of B-mode polarizations in the future will offer the
opportunity to identify the origin of inflation.
The simplest candidate for inflation is a new scalar field
ϕ beyond the Standard Model subject to a particular
potential VðϕÞ. As long as the field evolves slowly along
a nearly flat potential, the primordial power spectra of
scalar and tensor perturbations generated during inflation
are close to scale invariant [7]. The deviation from scale
invariance, characterized by the spectral index ns and the
tensor-to-scalar ratio r, depends strongly on the assumption
about the inflaton potential. Using the bounds of ns and r
constrained from the CMB data, one can distinguish
between different inflationary models [5,6,8–11].
A cosmological accelerated expansion can be driven not
only by a scalar field but also by a vector field. Indeed,
the accelerated solutions were found in Refs. [12,13] in
traditional vector-tensor theories; however, they are generi-
cally plagued by instabilities [14–16]. In the so-called
generalized Proca theories where an Abelian vector field
with broken Uð1Þ gauge symmetry has derivative self-
interactions and nonminimal couplings to gravity [17–19]
(see also Ref. [20]), the existence of a temporal vector
component A0 can give rise to de Sitter solutions. Indeed,
the generalized Proca theories are very successful for
describing the late-time cosmic acceleration [21,22].
On the other hand, there are also mechanisms for
realizing the cosmic acceleration by using spacelike vector
fields [23,24]. Naively this configuration is not compatible
with an isotropic cosmological background, but the rota-
tional invariance can be preserved by considering three
orthogonal vector fields aligned with three spatial direc-
tions. Indeed, three vector fields Aaμ nonminimally coupled
to the Ricci scalar R in the form RAaμAaμ can lead to
inflation [25], but such accelerated solutions are plagued by
either ghosts or Laplacian instabilities [26]. Non-Abelian
gauge fields with SUð2Þ gauge symmetry can also be the
source for inflation without instabilities [27,28], but the
scalar spectral index ns and the tensor-to-scalar ratio r are
not compatible with the CMB data [29,30]. There exists an
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Inflation elegantly solves the main problems of the standard cosmological
model—the observed homogeneity, isotropy, and flatness of the Universe
are simple outcomes of an early accelerated epoch. Furthermore, quantum
fluctuations during this epoch are stretched by the expansion to classical
scales, becoming the seeds for the structures. Yet, the canonical inflationary
theory is becoming in worrisome tension with state-of-the-art cosmological
observations. Assuming a single-field picture, i.e. a scalar field slowly rolling
down its sufficiently flat potential, the simplest monomial potential func-
tions and similar constructions are in the edge of being ruled out—indeed,
they predict large tensor power, meanwhile upper bounds on the tensor-to-
scalar ratio r have been significantly reduced by the latest Plank satellite’s
measurements. In general, models embedded in high-energy particle-physics
theories are in better shape, and therefore seeking new inflationary scenarios
within the framework of particle physics became a natural approach. How-
ever, given the lack of evidence of these theories, different approaches seem
more appealing: on the one hand, modeling-independent realizations have
the potential of unveiling allowed parameter regions for general classes of in-
flationary models. On the other hand, a different model-building approach
consists on keeping the simplest potentials but at the cost of modifying the
underlying theory of gravity. These two alternative approaches constituted
the main subject of this thesis.
In canonical single-field scenarios, the equation of state w can be parame-
trized with only two phenomenological parameters, α and β, in addition to
the number of remaining efolds of inflation, as discussed in Chapter §3.
Also, w is related to the first slow-roll parameter H . Consequently, it is
possible to relate the tilts ns,t and the tensor-to-scalar ratio r to the pa-
rameters α and β. In other words, predictions on ns,t or r can be obtained
by constraining the Mukhanov phenomenological parameters without mak-
ing any reference to a specific potential function V (φ). Indeed, in §3.1 we
showed that a lower bound on r can be predicted only by taking the cur-
rent constraints on ns on account of this parametrization, in the case that
Nature has chosen canonical single-field inflation. Furthermore, in Ref. [1]
we have explicitly shown that this parametrization is in agreement with a
more familiar one based on a hierarchy of the slow-roll parameters as they
both single out the same parameter space when they are fitted to CMB
temperature and polarization data.
The dark energy issue points to the possibility that the laws of grav-
ity, i.e. General Relativity, may need to be modified at large scales. This
question brought up a large research area from which many theories of mod-
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ified gravity have been proposed. Theories based on scalar fields, similar
to inflation, led to the proposal of interesting couplings between a scalar
field φ and the gravity sector. When studied for inflation, nonminimal cou-
plings (expected indeed to be generated at some energy scale) are able to
modify the predictions of a canonical potential V (φ). In particular, we
showed in Ref. [2] that a coupling ξφ2R is favored by present observations
for small—O(10−3)—and positive values of the coupling parameter ξ at the
2σ level, when a simple quadratic potential function, m2φ2 is considered.
Furthermore, in the presence of such a coupling, a nonzero value for the
tensor-to-scalar ratio is also favored at the same confidence level.
These phenomenological outcomes obtained by simple nonminimal cou-
plings of the inflaton field to the gravity sector lead to the search for phe-
nomenological signatures derived from different types of terms allowed to be
present in the theory. Keeping the symmetries and constraints of General
Relativity (such as Lorentz invariance, unitarity and locality), along with
the condition for second-order equations of motion (in order to avoid Ostro-
gradsky instabilities), only few combinations between self-derivative terms
of φ and the gravity sector are allowed. This led to the constructions of
general scalar-tensor theories of gravity, discussed in §4.1.1, and from which
the Horndeski framework stands out. This framework has become a play-
ground for the construction of well-behaved models of inflation from which
G-inflation, discussed in §4.2.2, is the simplest nontrivial one. Its action
differentiates from the canonical due to the addition of the self-derivative
term G3φ, which introduces new phenomenology for a given choice of the
free function G3(φ,X), irrespectively of the potential function V (φ). There-
fore, it allows inflation to be driven by monomial potentials and still satisfy
observational constraints. A basic G3 function with constant mass scale,
however, is not able to fit the latest Planck 2018 constraints due to their
prediction of small scalar power relative to the tensor one as a consequence
of a slow transition between the epoch when the mass scale is relevant to the
canonical epoch. Furthermore, failure to complete the transition before the
end of inflation leads to the appearance of instabilities during the reheating
epoch. In Ref. [4] we showed that a sufficiently fast, step-like transition
is able to reconcile the monomial potentials (special attention was taken
for the simplest m2φ2) with observations and, at the same time, to solve
the pathological issues presented in this class of models. Interestingly, by
assuming a scalar tilt of ns ' 0.966, a lower bound on the tensor-to-scalar
ratio of r & 5×10−3 (i.e. potentially observable with next-generation satel-
lites) is obtained for this transient model due to a nontrivial large running
αs originated by the sharp transition.
It is possible that vector fields were also present during the inflationary
era. Regardless of their interaction with the inflaton field, they can affect
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and modify the dynamics of the expansion. However, couplings between
the inflaton and the vector field, on top of the gravitational background,
are of special interest and can be tested against CMB observations. In this
regard, a general framework of scalar-vector-tensor theories of gravity was
recently developed in the same spirit as the scalar-tensor Horndeski theo-
ries. Indeed, in §4.1 we showed that any modification of general relativity
will introduce new degrees of freedom which can be in the form of new
scalar, vector or even tensor fields. The simplest nontrivial combination of
a scalar field φ and a U(1) vector Aµ, according to the scalar-vector-tensor
framework, is given by βmAµ∂µφ. In Ref. [5] we studied the inflationary
signatures of several potential functions in the presence of this coupling. At
the background level, inflation is still driven by the scalar field, whereas the
temporal component of the vector field, A0, is nondynamical. As a conse-
quence, a single-field description of the background dynamics (modulated
by a parameter β = 1 − const. × β2m) arises due to a nontrivial relation
between A0 and the scalar-field velocity φ˙. At the perturbations level, the
longitudinal vector mode contributes to an isocurvature perturbation along
with the standard inflaton fluctuation. This perturbation, however, is sup-
pressed for a vector-field mass scale comparable to the Hubble parameter
H, and, as a result, the power spectrum of the primordial curvature pertur-
bation follows the same single-field description corrected by β. The spectral
indices and the tensor-to-scalar ratio are further modified by the presence
of β but, interestingly, the canonical consistency relation r = −8nt is left
unmodified. While confronting these results with CMB data, we showed
that small-field models of inflation are considerably affected by the pres-
ence of the vector coupling. In particular, we found that for α-attractors,
ns ' 1− 2/N and r ' 12αcβ/N2 for αc < O(10) (which includes Starobin-
sky inflation), i.e. there exists a suppression of the tensor-to-scalar ratio for
a small β compared to the canonical models (β = 1). Similar results were
obtained for Brane inflation with p = 2 and p = 4 indices. These results fol-
low from the fact that a nonvanishing β increases φ˙ and, therefore, inflation
needs to start from a flatter region of the potential, relevant for CMB scales,
where a small value of the slow-roll parameter H is maintained compared
to the canonical cases.
The computation of the inflationary observables in noncanonical classes
of inflation is, in general, far from being trivial. As discussed in §2.4.3,
different methods can be used to solve the mode-function equation, from
where the slow-roll approximation (SR) usually stands out as the one which
leads to analytical results. However, for noncanonical models, the slow-
roll conditions are sometimes too restrictive and the use of the slow-roll
approximation is not always allowed. This comes from the fact that new
noncanonical terms affect the background dynamics of the inflaton field
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which usually depart from the standard smooth evolution. Furthermore,
the slow-roll approximation is based on an assumed hierarchy of Hubble
slow-roll parameters which, in turn, define a restrictive hierarchy of the pri-
mordial tilt and its running parameters (αs, βs, etc.), as it was discussed at
the beginning of §5. To overcome these deficiencies, the generalized (GSR)
and optimized (OSR) slow-roll approximations were developed and tested
for several inflationary models with features in the potential. Additionally,
these techniques were recently promoted to cover inflationary models be-
longing to the Horndeski and beyond Horndeski classes. Indeed, in Ref. [4]
we showed that the predictions of the aforementioned transient G-inflation
model can be accurately computed using these techniques. On the one hand,
GSR provides accurate results at the ∼ 10% level around the transition (of
size ∆N ∼ 3) to the canonical epoch; OSR, on the other hand, provides
analytical results accurate at the ∼ 20% level. Both being compared with
the standard SR approximation which deviates at the ∼ 50% level. How-
ever, due to the properties of the model, it is worth mentioning that both
GSR and OSR give predictions at the percent level at CMB scales, whereas
SR still deviates at the ∼ 10% level. We further showed that these results
imply that the scalar power spectrum can still be described in its power-law
form, around the relevant scales, as long as ns and αs are computed using
OSR. This is due to the fact that αs can be of the same order of ns and thus
the standard slow-roll hierarchy is not valid (in which case, OSR overcomes
this wrong order-counting).
Indeed, a correct computation of the inflationary parameters is needed
as further parameters, in particular the running of the running of the tilt,
βs, will play an important role to discern between inflationary models of
inflation—this in addition to the possibility of a further unobservable am-
plitude of primordial gravitational waves—, as we showed in Ref. [3]. In
this work, a forecast for the CORE mission was carried out and confronted
to the most favored models of inflation. We showed that there exists the
possibility that the running αs will not be as important as its own running
βs, as the latter may have the power to exclude all the models studied in the
case that the best-fit value of Planck, βs ' 0.01, prevails future observations.
To conclude, in this thesis we have developed a comprehensive novel ex-
ploration and a detailed study of the inflationary paradigm using different
nonstandard approaches. Firstly, we covered model-independent parametriza-
tions to clarify the allowed parameter space of canonical single-field infla-
tion. Secondly, we demonstrated the potential of nonstandard inflationary
parameters, the running of the running of the primordial tilt in particular,
which may have the potential of ruling out the vast majority of the cur-
rently favored inflationary models. And, finally, we explored the possibility
that the inflaton field coupled differently as in the canonical version by in-
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troducing self-derivative terms belonging to general scalar-tensor theories;
or the possibility that a gauge vector field, coupled to the inflaton, affected
the dynamics in an observable way.
Future satellites, interferometers and different ground-based experiments
will further guide us towards unveiling the true nature of the early universe.
And, whether Nature chose a canonical model embedded in a more funda-
mental quantum field theory or nontrivial gravitational dynamics, model-
building approaches along with a correct understanding of the observational
parameters will keep helping in showing us the correct theoretical path.
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